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Introduction 



Modular forms of half-integral weight have been known to exist for some time, 
and standard examples may be found in the form of theta functions and the 
Dedekind eta function. But although modular forms of half-integral weight have 
been found on groups such as special linear groups, symplectic groups and orthog- 
onal groups, it is not possible to obtain modular forms of half-integral weight on 
the group SU(2, 1) by restriction, even though they arc known to exist. 

This thesis is concerned with finding a half-integral weight multiplier system 
on SU(2, 1). With this half-integral weight multiplier system in place, it would be 
possible to write down a modular form of half-integral weight on SU(2, 1). 

Modular forms on SL2 

We first recall the definition of a modular form on the group SL2 . The modular 
group is defined to be 

SL2(Z) = < , J : a, 6, c, d G Z, ad — 6c = 1 > . 

This group acts on the upper half-plane 

H = {reC: Im(T) > 0} 
by fractional linear transformations, i.e. 

fab\ , , ar + b 



c 



d 



Let /c be a positive integer. A modular form of weight fc is a holomorphic function 
/: 'H — > C such that for each 7 S SL2(Z), 

/(7(T)) = (cr + d)V(r), 

and such that / is holomorphic at the cusp 00. 

Now let fc/2 be a half- integer and let F C SL2(Z) be a subgroup of finite index. 
By a weight fc/2 multiplier system, we shall mean a continuous function 

such that for 7, 7' G F, r G "H, 

j(77',t) = j(7,7'(t)) •.?(7',t), 
and 

ji-f,Tf^icT + d)\ 7=K J 

A modular form of weight fc/2 on F is defined to be a function / : "H — ?■ C such that 
for 7 G F and r G "H, we have 

/(7(r))=j(7,r)/(T), 

7 
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and such that / is holomorphic on % and the cusps of T. An example of a half- 
integral weight modular form on SL2 is the Dedekind eta function 

00 
,7(z)-gi/24j](l-g"), 
1 

b 



where q = e , and it can be shown that for 7 == I j ) ^ SL2(Z), 

\cz + aj 

where 6(7) is a 24th root of unity (see Section 1.3 of [3]). When one restricts to 
elements 7 in the commutator subgroup F = [SL2(Z), SL2(Z)] we have £(7) = ±1. 

Modular forms on SU(2, 1) 

We can define similar notions for the group SU(2, 1). To describe this group, 
let 9o = \/— d, where d > 2 is a square- free natural number (fixed once and for all). 
We shall write the non-trivial Galois automorphism of Q{0o) by 



a + b9o = a — bOo . 

We define SU(2, 1) as an algebraic group over Q as follows: for a commutative 
Q-algebra A we let 

SU(2, 1){A) = {iye SLsiA (^Q Q(0o)) : J^* J'f = J'}. 

In this definition, the matrix J' is given by 




The notation v* denotes the transpose of v, and V denoted the image of v under 
conjugation in Q{6o). We shall also on occasion regard SU(2, 1) as a group scheme 
over Z, defined (for a commutative ring A) by 

SU(2, l)iA) = {i^e SLsiA (^z OQ(eo)) : ^*^'^ = J'}- 

Here OQ(eo) denotes the ring of algebraic integers in ^(6*0). 

Consider the Hermitian form on the vector space V = C^ defined by 

(u, v) — u J'v. 

The group SU(2,1)(]R) acts on V, and hence on X = P^(C) in an obvious way. 
Furthermore SU(2, 1)(M) preserves the subsets 

X- = {[v] ep2(C); {v,v) <0}, 

V- ^{veC^: {v,v) <0}, 

where [v] denotes the image in projective space of a vector v. Hence V" is the 
preimage oi X~ in V\0. 

Let fc be a positive integer. We define a weight k modular form on an arithmetic 
subgroup F C SU(2, 1)(Q) as follows. Let F: V^ — >■ C be a holomorphic function 
such that 

F{-fv)^F{v), for all 7 gF, 

F{Xv) = X^''F{v), for all A e C. 

It turns out that no growth conditions at the cusps are required. 
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We shall now explain how this definition is related to the definition for SL2(Z). 

Any point of X has a unique representative in V of the form ^2 , where 

N (T2) + Tr (ri) < 0. Here we are using the notation N (x) — xx and Tr (x) = x + x 

for a eomplex number x. We let Tic be the set of all sueh pairs ) , so we have a 

bijection X ^ He- Given a modular form F in the sense just described, we define 
a function / on "He by 

^(G))-((?; 

The action of SU(2,1)(R) on X gives us an action on He, which we will now 
examine. Let 

^511 312 .913^ 

521 322 523 I eSU(2,l)(M). 

\931 332 933/ 

We decompose this matrix into blocks as follows: 

V321 322/ \323/ 

This implies that 

'A B' 

The action of SU(2, 1)(M) on He is described by 

Now let / be as above, and suppose that g is in the arithmetic group T. Then we 
have: 

/ / At+B - 

f{9ir))=Fi^i^Cr+D 

k^ffAr + B 



(^-+^)^^^v^-+^ 



{Ct + DfF [g,^ 



= iCr + D)''F ..^ 

^ {Ct + D)\f{T). 

We can thus similarly define a weight fc/2 multiplier system on SU(2, 1) as a 
holomorphic function j : T x He — > C such that for 7, 7' € F, r € He, and 7 defined 
in the same way as g above: 

J{ii',t) =i(7,7'(T)) -Jh^T), 

and 

i(7,r)2 = (Cr + i?f, 7 ^^ ^ 



C D^ 

We may also define half-integral weight modular forms on SU(2, 1) entirely 
analogous to the case of SL2. However, no example of a half- integral weight modular 
form on SU(2, 1) has ever been found. There are no standard examples such as 
theta series. The other standard way of writing down a half-integral weight form 
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would be to write down an Eisenstein series. However, this cannot be done without 
knowing the multipher system in advance, and no example of a half-integral weight 
multiplier system has previously been found (although they were known to exist; 
see [5]). The aim of this thesis is to give a half-integral weight multiplier system 
onSU(2,l). 

Strategy for constructing the multiplier system 

Let A denote the adele ring of Q and write ^2 for the group {1,-1}. The group 
SU(2, 1)(A) has a canonical double cover, called the "metaplectic cover": 

1 — ^ /i2 — > SU(2ri)(A) — > SU(2, 1)(A) — > 1. 

This is a central extension of topological groups. It is a "cover" in the following 
sense: there is a neighbourhood U of the identity in SU(2, 1)(A), such that the 
restriction preimage of U is topologically a product Ux^2- The word "metaplectic" 
means that the extension splits over the rational points SU(2, 1)('Q). In fact, every 
reductive group over a number field has a canonical mateplectic cover, with kernel 
the roots of unity in the field (see [5]). 

For a place p of Q we shall write SU(2, l)(Qp) for the pre- image of SU(2, l)(Qp) 

in SU(2, 1)(A). This means that we have local extensions: 

1 ^ /i2 ^ SU(2ri)(Qp) -^ SU(2, l)(Qp) -^ 1. 

Our first aim is to describe a 2-cocycle CTp on SU(2, l)((Qp) corresponding to this 
extension. In fact, our cocycle will be expressed in terms of Hilbert symbols 
(— )— )Qp,2- This has the consequence (by the quadratic reciprocity law) that for 
g,g' e SU(2,1)(Q) we have 

p 
This product formula reflects the fact that our extension splits on the rational 
points. 

One cannot define a cocycle cta on SU(2, 1)(A) to be simply the product of the 
local cocycles, since this product will usually have infinite support. However, we 
can do something rather similar. For each finite prime p, there is a compact open 
subgroup Fp C SU(2, l)(Qp) on which the extension splits, and for almost all p we 
may take Fp = SU(2,l)(Zp). This means that there is a function Kp: Fp — > /i2, 
such that for g, g' G Fp we have 

i^pigg') 



(^p{g,g') ^dnp{g,g') = 



Kpig)Kp{g')' 



The functions Kp : Fp — ;► /j,2 are called "local Kubota symbols" . If we extend Kp in 
some arbitrary way to SU(2, l)(Qp), then we may now form the product 

a4g,g') = <J^{goo,gL) U ^tT^' 5,.?' e SU(2,i)(A). 
pi!^,,J^pigp^g'p) 

This product does have finite support, and is a 2-cocycle representing the full 
metaplectic extension. The second main aim of the thesis is to calculate the local 
Kubota symbols. 

Now consider the following congruence subgroup: 



F = SU(2, 1)(Q) n ( SU(2, 1)(M) x [] Fj 



p 
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We define a map k: F -> /i2 (called the "global Kubota symbol" ) by 

i^ii) = n '^p'^^)- 

p<oo 

(This product always converges: see Chapter [SI) From the formulae above, we 
immediately have 

, /^ ^(7)^(70 

0-00(7,7) = — 7 — ;^- 
k(77') 

Our next step is to examine the cocycle CTqo more closely. It turns out that 
there is another way of constructing the group SU(2, 1)(K). Let 

SU(2ri)(K) = {(g,0: nc^<C''):g^ SU(2, 1)(M)} , 
where (j) is continuous, and for every 



A B 
C D 



e SU(2,l)(I 



(as defined earlier), we have 0(t)^ — Ct + D. Multiplication in this group is defined 
by 

(5,<^)(ff',0') = (53',(</'°5')'^')- 

There is an obvious homomorphism {g,(t>) i— >■ g, which makes this group a double 
cover of SU(2,1)(R). We prove in Chapter [TU] that this is the unique connected 
double cover of SU(2, 1)(R) and is isomorphic to the local factor at infinity of the 
metaplectic group. The final aim of the thesis is to describe explicitely a section 
g H- ^ {g, (j)g), which corresponds to the 2-cocycle CToo- In more elementary terms this 
means 

^^^g^g>)^Wp)Mzl^ 5,5'eSU(2,l)(R), re He. 

If we now define for 7 e F, 

j(7,r) = k(7)0^(t), 

then the formulae above show that j(7, r) is a multiplier system of weight 1/2. 

In fact we shall work almost entirely in a more general setting than was de- 
scribed above. We shall replace the rational numbers by an arbitrary number field 
/ and Q{0o) by an arbitrary quadratic extension L/l. In the case that / is totally 
complex, the cocycles Up for complex places p are all trivial, and hence the global 
Kubota symbol k is a group homomorphism. 

The plan of the thesis is divided into four parts. In order to calculate the local 
Kubota symbol, we will first need to find an explicit formula in terms of quadratic 

Hilbert symbols for the 2-cocycle representing SU(2, l)(Qp), for p finite. Deodhar 
worked on the computation of the fundamental group of quasi-split groups in [6] . 
We will be extending the methods described in this paper to find the explicit formula 
of the 2-cocycle that we need. Hence, the first part of the thesis is concerned with 
establishing some important facts and results for later use. In the second part, we 

will give an explicit formula for the 2-cocycle representing SU(2, l)((Q)p). The third 
part concerns the calculation of the local Kubota symbol for every finite prime p. 
In the fourth part, we will look at some calculations of the global Kubota symbol, 
and find the section for SU(2, 1)(M). We will then establish what the half-integral 
weight multiplier system is. 
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Summary of the results of the thesis 

We shall fix once and for all a number field / and a quadratic extension L = 
^(^o)- We define our group over I by 

SU(2, 1)(-) = {ve SL3(- ®i L) : u'j'V = J'}. 

Let k — Ip he a local completion of I, either archimedean or non-archimedean and 
let K = k<Sii L. Thus K is either a quadratic extension of fc or a sum of two copies 

of k. Recall that we have a double cover SU(2, l)(fc) of the group SU(2, l)(fc). We 

begin by specifying a section 6' : SU(2, l)(fc) -^ SU(2, l)(fc). This section defines a 
2-cocycle a corresponding to the cover: 

<j{g, h) = 5'{g)5'{h)5'{gh)-\ g, h e SU(2, l)(fc). 

Our first results are an expression for a in terms of quadratic Hilbert symbols on 
k. In the case that K/k is a field extension, our result completely describes a. In 
the split case, we obtain expressions which are valid on (a) the maximal torus and 
(b) the subgroup SU(2, !)(/). This will be enough for our purposes. 

The cocycle on the torus. Let fc be a local field and let K — k{9o) be either 
a quadratic extension of fc or a sum of two copies of fc. As before, we write A i— )■ A 
for the non-trivial Galois automorphism when if is a field. When K — k Q) k, this 
notation will mean 



(a;,y) == {y,x). 

We shall also use the following notation in either case: 

Tr (A) = A + A, N (A) = AA. 

We shall always assume that Tt (Oq) — 0. The symbol (— , — )fc,2 will be the quadratic 
Hilbert symbol on k. When K is a. field, we shall write (— , -~)k,2 for the quadratic 
Hilbert symbol on K. In the case that K — k (B k, this symbol will be defined as 
follows: 

{{x, y) , (x', 2/'))k,2 == i^^ ^')k^2 ■ iv^ y')k,2 ■ 

Before describing the cocycle a in general, we first study its restriction to the 
following maximal torus 



where 



r(fc) = {/i„(A): AeifX}, 



K{\) 



A 











A/A 











A-^ 



Theorem. For X, ji E K^ we have 
a {ha (A) ,ha {^J.)) 

'(A,M)fc,2' if\,nek''; 

(Tr(A0o),M)fc,2. ^/A^fc^MefcX; 

(A, m)k,2 • (A> Tr (A*^o))fc,2 : */ A e fc^ M ^ fcx ; 

(A, m)k,2 • (V, - Tr (A0o))fc,2 ' if \ <^ k'< , ^l<^ k""- , x^l e k> 

(N (A) , N (p)),, ■ (Tr (A^o) N {^l) , Tr (p9o)),^^ 
[• (Tr {X^i9a) , - Tr (A6'o) N (n) Tr {n0o))k.2 > otherwise. 
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Along the way, we also find the following formula for the commutator of the 
cocycle on T{k): 

a{ha{X),ha{fi)) ^ 
a{K{^i),K{\)) ^^'Wi^.2- 

The cocycle on the whole group. Let N be the following unipotent sub- 
group of SU(2, 1): 

N{k) = {xo, (r, m) e SU(2, l)(fc) : r, to e i-f and N (r) + Tr (to) = 0}, 

where 

(1 r m 

1 —r 

1 

The section 5': SU(2,1)(A;) -^ SU(2,l)(fc) is chosen in such a way that for g € 
SU(2, l)(fc) and n € N{k) we always have 

5 (gn) — S {g)6 (n) and S {rig) = S {n)S (g). 

As a consequence, our cocycle a satisfies the following: 

a{g,n) = ain,g) = 1, n€ Nik), g G SU(2, l)(fc). 

Combining this property with the Bruhat decomposition, we are able to calculate 
a on the bigger group SU(2, l)(fc), at least when if is a field. For the moment we 
assume that K/k is a field extension rather than a sum of two copies of k. We shall 
discuss how the results must be modified in the split case later. 

In order to describe the cocycle, we first introduce some notation. For A, /i € 
K^ we define 

i^'^f^)k.2' ifA, ^efc^; 



^^ '^' 1 (N(A),-N(^))^.2, otherwise. 



We also define a function 62 '■ K ^ ^- k^ 9q hy 

1 





^ ^ ^ ' 

* * * 1 e SU(2,l)(fc), 



9 h j^ 

\r\ if .9 = 0. 

We prove the following in Chapter [HI 
Theorem. Let -fi G SU(2, l)(fc), where i = I, 2, 3, with 73 — 7172 and 

* * * 

gi hi ji 

^/^(73)/(^(7i)^(72)) e k"", then we have 

^(73) ^2(X(7i))(52(X(72)) \ 

X(7i)X(72)' <52(X(73))0o J, 2' 
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If on the other hand X{'-f3)/(X(ji)X{j2)) ^ k^ , then we let 

^293 - ^352 



r = r(7i,72) 



5152 



And we have 



( ^ f A f ^^]WL_\ n-l M ( ^^(73) 

^(71,72)= \-(>2\--rrr-TTn — rr'o ^^ 



NM,^) •4x(70,^V"rS4,^(73 



^(71)^(72); " V ^(71)^(72); 7^,2 
^(73) \ (xirfy 

/fe,2 \ '^(72); "U(72 

82 (X(73)/(X(7i)X(72))) 

'52(^(73)/^(72)) ' 

N (X(73)/(X(7i)X(72))) 82 (X(73)/(X(7i)X(72))) 

'52(^(71)) Jua 

82 (^(72)) N(X(72)),52(X(72) )^ 

'52(^(73))' <52 (X(73)/^(72)) /fe,2 

In fact we obtain a more general theorem describing a cocycle corresponding 
to an n-fold cover of SU(2, l)(fc), where k contains a primitive n-th root of unity; 
however this cocycle is a little more complicated and is not required for our main 
aim, which is to produce a half-integral weight multiplier system. 

Fortunately, our formula for the local Kubota symbols will be rather simpler 
than the formula for a. Nevertheless, we require the formula for a in order to 
calculate the Kubota symbol. 

The split case. In the case K = k(Bk the theorem above does not completely 
describe the cocycle a. This is because there are numbers in K which are neither 
zero nor invertible, and so there are a number of extra cases to consider. One can 
see why this happens from a different point of view: the group SU(2, 1) has rank 
1 over I, and so there are two cells in the Bruhat decomposition of SU(2, 1)(Z). 
However if K is split, then SU(2,l)(fc) is isomorphic to SL3(fc), which has 6 cells 
in its Bruhat decomposition (one for each element of the Weyl group, which in 
this case is 6*3). There are therefore four Bruhat cells in SU(2, l)(fc) which contain 
no elements of SU(2, 1){1). In fact only the biggest and the smallest Bruhat cells 
of SU(2,l)(fc) contain elements of SU(2,1)(Z). Our formula for a (71, 72) is valid 
whenever 71, 72, 73 = 7172 are in one of these two cells. We may ignore these extra 
cells since we are interested in the restriction of a to SU(2, 1)(/). 

The level of the multiplier system. Let fc be a non-archimedean local field, 
and assume again that K/k is either a quadratic extension of local fields, or that 
K IS a sum of two copies of k. Before we can calculate the local Kubota symbols 
and the multiplier system, we must first determine the compact open subgroups Fp 
on which each local extension splits. These compact open subgroups determine the 
arithmetic subgroup on which the multiplier system will be defined. Our result is 
the following: 

Theorem. • If K/k is unraniified or split and k has odd residue character- 

istic then the cocycle a splits on SU(2, l){Ok)- 
• Suppose K/k is a ramified field extension and k has odd residue charac- 
teristic. Let^ be a prime in K. Then the cocycle a splits on the subgroup 

SU(2, l){Ok, V) = {9 e SU(2, l){Ok) : .9 = /3 mod ^3}. 
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• // fc has even residue characteristic and K ^ k Q) k then the cocycle splits 
on the subgroup 

SU(2, l)(Ofe,4) - {g e SU(2, l){Ok) ■ g ^ h mod 4}. 

Note that if L/l is a quadratic extension of number fields in which every 
even prime sphts, then the theorem determines the compact open subgroups Fp C 
SU(2, l)(/p) at ah primes p. 

The local Kubota symbol. Let p be the maximal ideal of k. Recall that the 
local Kubota symbol Kp is a map Fp -^ ^2, satisfying the following: 



a{g, h) = 



Kp (g) Kp (fe) 



Kp {gh) 

This condition does not always determine the local Kubota symbol, since we may 
always multiply by a character of Fp. We therefore let Fp be the intersection of 
the kernels of the homomorphisms Fp — > /i2 . The restriction of the Kubota symbol 
to Fp is unique, and we shall only calculate this restriction. Fortunately we have 
not lost much, since for all odd primes we have Fp = Fp . Suppose p is even. If we 
assume (as is the case for split primes) that the cocycle splits at level 4, then we 
will have 

Fp = SU(2, l)(Ofe, 8) = {5 e SU(2, l)(Ofe) : g = h mod 8}. 

We will also assume that when K /k is ramified, ^o is a prime element of K. 

Recall that N denotes a unipotent subgroup of SU(2, 1) described above. Our 
first observation is the following: 

Proposition. For any n G Fp n N{k) we have tip (n) = 1. More generally, for any 
g € Fp we have 

Kp (ng) = Kp (gn) = Kp (g) . 

The relation Kp (ng) ~ Kp (g) implies that Kp (g) is determined by the bottom 
row of the matrix g. The other relation shows that Hp (g) is unchanged by certain 
column operations. To describe our next result we need a little more notation. Let 

x-a ir,m) := 

be elements of SU(2,l)(fc). This entails r, m E K and Tr (m) — — N(r). For a 
number X € K^ we shall write 

^ (;^) ^ f (- Tr (A) , N (A0o))fe,2 , if Tr (A) ^ 0; 
1 1, otherwise. 

Proposition. Let X-a (si,ni) G Fp with si, ui G L. Then we have 





Kp (x_a (si,ni)) = pisi) ■ p 

\ ni 

(If ni = then si must also be zero, and Kp (x_q, (si,rii)) = 1.) 

We next consider elements of the maximal torus T{k). Our results for such 
elements are as follows: 

Proposition. If p is odd and unramified (either inert or split), then for A G O^, 
we have 

J(a,6)^2' if\ = a + beo,a,b^0andb<^0^; 

Kp {Ha {A}} — < 

1, otherwise. 
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If p is even or ramified in K , then for ha (A) G T{k) n Fp we have 

Kp {ha (A)) = 1. 

We next obtain an expression for the Kubota symbol, expressed in terms of the 
special cases already described. The following theorem is proven in Section [ 

Theorem. Let 

7 = 
Then 




Kp (7) = < 



Kp [ha [i j j , if g = 0; 

K, (ha {{geo)-')) , tfgeO^; 

«p [ha (J J J 



a \ — J . 



ix 



• T [ha [j ) , ha (^11 , ^fg^0,g(^O^^ and j e O^. 

Again, note that if p is split, then we have not covered all possibilities since it is 
possible for neither g nor j to be a unit in this case (and only in this case). However, 
note that if g is not a unit then there is always an element Xa (si, ?ii) G -^ H Fp 
such that 

{g h j) ■ Xa{si,ni) = {g h' j') , 
where j' is a unit, and we will always have 

'«P (7) = ^p (7- a^Q (si,ni)) . 
We may apply the theorem to calculate Kp (7 • Xa (si, ni)). 

The section over the real points, and the half-integral weight mul- 
tiplier system. As was described above, we shall choose for each element g G 
SU(2, 1)(M) a continuous square root (jigir) of the function r 1— > Ct + _D, satisfying 
the condition 

4>g{g'{T))(t)g.{T) ^ aoc{g,g')(t>ga'{T). 

In fact there is only one such choice, since any two choices would differ by a ho- 
momorphism SU(2, 1)(M) — > ^2 and SU(2, 1)(R) is generated by commutators. In 
Chapter [TU] we determine the signs of these square roots. Our result is: 

/O i\ 

Theorem. Let ni, na G iV(M), h ^ ha (A) G r(M) andletw = \{) 1 . The 

\i 0/ 

assignment g ^-^ (j)g defined above is given by: 

• 0/i-ni(T) = A , where arg (A j G (-7r/2, 7r/2]; 

• arg(0„(r))G (-^2,0); 



• 



4>n2-w-h-ni (t) = 4>w{{h ■ ni){T))(l)h.ni (t) ■ 



In particular, this means that we always have arg(0g(T)) G (— 7r/2, 7r/2]. As a 
consequence, we have the following: 

Theorem. Suppose Q{9o) is a quadratic extension in which the prime 2 splits. 
Define, for 7 G SU(2, 1)(Z, 86'o),, 

j(7,r) =0^(r) Y[ lipil)- 

p<oo 

Then ji'^^r) is a multiplier system of weight 1/2. 
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Verification of the results 

The thesis contains rather a lot of calculations, and it would be useful to know 
that the results are genuinely correct, rather than perhaps being out by a sign here 
and there. To give some evidence of this, we can look at the restriction of the global 
Kubota symbol to some subgroups to check that it has the expected properties. 

Restriction to the torus. We examine first the restriction of the Kubota 
symbol to rnT(/), where F is the level 89o principal congruence subgroup described 
above. This intersection consists of elements ha (A) where A is a unit in Ol and is 
congruent to 1 modulo 860 . 

Recall that for elements a,b Cz Oi with b coprimc to 2a, the quadratic Legendre 
symbol is defined by 



(?) 



V\b 



Our results imply the following: 

Proposition. Let A = a + bOo he a unit in L congruent to 1 modulo 89q. Then we 
have 

I 1, otherwise. 

In the case that I is totally complex, this implies that the map a + b9o i-> (f ), , 
is a group homomorphism. This is indeed the case, and can be verified directly 
using the quadratic reciprocity law in k. 

Restriction to SL2. The group SL2 embeds into SU(2, 1) as follows: 

,x / a bOo'^ 

" J W 1 

We may therefore examine the restriction of the Kubota symbol to SL2(C'/, 80g). 
Our results imply the following: 

'- ;)u/©.2' '^'-^ 

^ ^// \l, c = 0. 

When I is totally complex, our results imply that this map is a homomorphism. 
Again, this turns out to be true, as was shown by Kubota (see |10j ). 



Part 1 
Preliminaries 



CHAPTER 1 



The group SU(2, 1) 



In this chapter, we will outline the definition of the group SU(2, 1) that we will 
use along with some of its subgroups, the adele group, the Bruhat decomposition 
of SU(2, 1) and the Iwahori factorisation. 

1.1. The structure of SU(2, 1) 

Let k be an arbitrary field of characteristic zero, and K/k is a quadratic exten- 
sion where K — fc(6'o), Oq = \/— rf, d E k^ . Then the Galois group Gal{K/k) has 
two elements, and the non-trivial element may be described by 



a + b9o I— > a — bOo . 

To describe SU(2, 1), suppose ^ is a fc-algebra. Then 

SU(2, 1){A) = {iye ShsiA (g>k K) : vUv = J}, 

where 

/l 

J= 1 

\0 -1^ 

and v^ denotes the transpose of a matrix v. This is the "usual" definition of SU(2, 1), 
but there are other definitions which are isomorphic to the above. In fact, we will 
work with another definition, where J is replaced by 

/O 1^ 
J' = 1 
\l Oy 

as it is a more convenient presentation of SU(2, 1). (It is possible to show that if 



1 





-1 


1 


1 


-1 





-1 


1 



then J = V^J'V.) 

Let G = SU(2, 1). We consider 

(1.1) G{k) ^{v& SL3(fc ®k K) : vKj'V = J'}. 

Let iS" be a maximal fc-split torus of G, with T a maximal torus of G containing S. 
By Section 2.5 of [6], we may choose these as follows: 



S{k) := M 1 : t G fc 




as a maximal /c-split torus of G{k), and 

a _0 

T(fc):= <( I A/A I : Aei^' 

^0 A"^ 

19 
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as a maximal torus of G{k). As T{k) ^ K^ , we will denote an element in T{k) by 

/A _0 

h^ (A) = A/A _0 
Vo A ^ 

where X ^ K^ , and a is defined below. 

The root system of G with respect to S, $, consists of 4 roots with one simple 
root which we will call a. Thus, $ = {a, 2a, —a, —2a} and a may be described by 

a{ha (t)) = t, 

where t G k^ . This implies that if we let q be the Lie algebra of G, and for /?€<&, 
let 

fl^ = {Xe0: (Ads)(X) = /?(s)-XVse5} 
be the corresponding root space, then 




0> 
0-2a= <( I 0| :iefc 

ytOo Oy 

Thus, the root space decomposition of g is 

= 00® 00/3- 

1.2. The Bruhat decomposition of SU(2, 1) 

Recall that G — SU(2, 1). We shall use the following system of positive roots: 
$+ = {a, 2a}. Let N, denoted as [/+ in [6], be the unipotent algebraic subgroup 
of G whose Lie algebra is 0ag^+ 0^ (and similarly N, denoted by U~ in [6], is the 
unipotent algebraic subgroup of G whose Lie algebra is 0_flg$+ Qfs). Hence, since 
G{k) = SU(2, l)(fc), N{k) and N{k) may be explicitly described, i.e. 

N{k) = { \0 1 -r \ : {r,m) e K X K, Tr (m) = -N (r) } , 

yO 1 

_ 10 0^ 

N{k) = { \ r 1 0\ : {r,m) e K X K, Tr (m) = -N{r)} , 
, rn —r 1 , 
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where N (s) = ss and Tr (s) = s + s are the norm and trace oi s Cz K over k. We 
wiU let 





Xa {r,m) := 1 — r , x^a {r,m) 



where r, m € K and Tr (m) = — N (r). 
By Proposition 2.7 of [6J, if we define 

(f.2) Wa {r,m) = Xa {r,m) ■ X-a {=,= ]■ Xa { r ■— ,m 

\m mj \ m 

then 

Wa {r, m) ■ N{k) ■ Wa {r, m) = N{k). 

Thus by the above definitions for Xa {r, ni) and x_q, (r, ni), 









m 





—m/m 





m 1 









Wa (r, m) 



(This would imply for any m G K such that for r, r' G iiT, Tr (ni) = — N (r) = 
- N (r'), Wa (r, m) = w^ {r',m).) 

If Nc{S) is the normaliser of 5 in G, and Zc{S) is the centraliser of 5 in G, 
we define Wq = Ng{S)/Zc{S) as the Weyl group in G. Thus, we may choose (as 
we need this to define the section for the 2-cocycle in Section 12. 3p 

w = {i,wa{Q,eo)} 

as a complete set of representatives for the Weyl group in G{k) (this is the same 
Weyl group chosen by Deodhar in Section 2.21 in fG*). Thus, by V.21.29 of |T, the 
Bruhat decomposition may be described as 

G(fc) = N{k) ■ T{k) U N{k) ■ T{k) ■ Wa (0, 6*0) • N{k). 

This implies that a matrix in G{k) is either upper triangular or has a non-zero 
(3, l)-entry. It can be easily shown that for a, b, c, d, e € K such that 

ac + ac — —N (b) , ec + ec — —N (d) , 

the Bruhat decomposition of any matrix of G{k) with a non-zero (3, l)-entry (i.e. 
c ^ 0) may be described as 

(1.3) \b * * \ ^Xai--,-j -hai—j ■WaiO,9Q) -Xai-,- 

Otherwise, an upper triangular matrix (i.e. an element of the Borel subgroup of 
G) will have the Bruhat decomposition 




^/ _9 h 

/// -J 

where h, f, geK with hj+hf = -N (g). 



(1-4) [O /// -jjA=ha{f)-Xa(j,j)^Xa(^,hfYha{f) 
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1.3. The Iwahori factorisation 

In this section, we sliall assume tliat fc is a non-arcliimedean local field. We 
shall write Ok for the valuation ring in k. We shall use the notation 

(1.5) G{Ok) = {iye SLsiOk <E>o, Ok) : i^'fl^ = J'}, 

where J' is as defined in Section [TTTl Let a be an ideal of Ok, and let 

G{OkUa) ^ \ I d e f\eG{Ok):d = g = h = {) (a) 
{\9 h J J 
« ^ c\ b=c = d = f = g = h = (a), 



G(Ofc)i(a) ={\d e / e G(0 



\9 h J, 



J = l (a) 



We may define 



Let us also define 



T{Ok)=T{k)r^G{Ou), 
NiOk)=Nik)nGiOk), 
NiOk)=N{k)nG{Ok). 



'\ 



T{a)^{ (0 A/A _0 I GT(a): A=l (o) 
^0 A ^ 

'l r m\ 
N{a)^{\0 1 -r\ eN{Ok):r = m=0 (a) 
,0 1/ 

_ 1 o^ _ 

N{a)={\r 1 0\ eN{Ok):r = m = (a) 
,771 — r 1 / 

Proposition 1.1. We have the Iwahori factorisations 

GiOk)o{a)=N{Ok)-T{Ok)-N{a), 
G{OkUa)^N{a)-T{a)-N{a). 

Proof. Let 

^a b c^ 
d e f\ e GiOkUa) 

(resp. G{Ok)i{a)), where g 7^ 0. Consider the Hermitian form (— , — ) defined by 

/O 1\ 

(m, u) = w* 1 0\v, 

V 0/ 

where u, v G K^. Since 



this implies that 




Tr( -^ --N^'^ 
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Thus, Xa {f/3,c/]) e N{Ok) (resp. iV(a)), and hence 

^a + dJ/3 + cg/J b + eJ/J+ch/3 0^ 
d - fg/j e - fh/j 

9 h i^ 

But 

U + df/J + cg/T\ (a + d//J + cg/T\ \ 
b + ef/j + ch/j \Ab + ef/j + ch/j 1) = 0, 

which imphes that b + ef/j + ch/j = 0, i.e. 

/J g\ /" ^ ^\ (a + dfH + cg/~j 
Xa\-,= ]-\d e / = d-fg/j e 

Since j e O^ and ha (j) £ T(e'fc) (resp. r(a)), we have 

f7 c\ /° ^ "^^ faj + dJ + Sg _0 _ 0^ 

/la (j) • a;a -, = • rf e / = dj/j - /5/j ej/j - fh/j 

VJ J/ V5 /» j7 V .9/j h/j I, 
But 

/ /'^\ / '^\ \ 

= 1, 





v9y 

i.e. aj + df + cg = 1. This imphes that ej /j — fh/j = 1, so that 

.J -. /a b c\ / _ 1 _ 0> 
/i„(J)-.T„ 4= • d e / -U?7J-/g/7 1 

As 

// _^ _\ /'^\\ 

0, 




this imphes that dj/j — fg/j = —h/j. Thus, 

ha{j) -Xa [-,= ]■ \d e / = -h/j 1 = a;_„ ( --, - 
VJ j/ \g h J I \g/j h/j 1/ V J J 

Note that x^a {—h/j,g/j) e N{Ok) (resp. iV(a)), so we have in the end 

d e f \ = Xa {--,-]■ haij )-X^ai--,- 

,9 h J V J j; V y V J J 



If g = 0, then we have, by (I1.4L 

7/j /] =a^„ (-4^) -/la (7"'), 
j/ 

--l^ 



' j -//j c \ / / c 

1' 3 

where x^ {bj/3,c/j) G iV(Ofc) (resp. iV(a)) and /i„ (7"'j e ^(Ofe) (resp. T(o)). 
This completes the proof of the Iwahori factorisation. D 
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1.4. The adele group of SU(2, 1) 

1.4.1. Some notation for the local field. Using the notation of Section V.l 
of [13j . we first let Vk be the discrete valuation normalised by Vk{k^) = Z, for any 
local field k. This implies that the valuation ring may be described by 



Ok^{bek:vkib) >0}, 



with maximal ideal 



p^Pk^{bek: Vk{h) >0}. 

By defining q = \Ok/pk\, we have the normalised p-adic absolute value (multiplica- 
tive valuation) 

where b (^ k. This implies that 

Ok^{bek: \b\,<l}, 

and 

pk = {bek: |5|p<l}. 
We define a prime element oi k, n = tt/j, such that Wfe(7r) = 1. This implies that 
Pfe = TrOfc. 

We also have the following lemma from Section 11 of [4]: 

Lemma 1.2. Let k be com,plete with respect to the norm,alised valuation \ ■ \ and let 
K be an extension of k of degree [K : k]= N < oo. Then the normalised valuation 
II • II of K which is equivalent to the unique extension of \ ■ \ to K is given by the 
formula 

\\b\\ = \^K/k(b)l 

where b Cz K and N/^'n. is the norm of an element of K over k. 

Lemma 1 1.2 1 will be useful as we can work out the normalised valuation of K by 
only knowing what the normalised valuation of k is. 

1.4.2. The adele ring. Now let I be any global field. Recall (see Section VLl 
of |13j ) that an adele is a family 

a = (flp), 

of elements Op € Ip, where p runs through all the primes of /, Ip is the completion 
of I with respect to p, and Op is integral in Ip for almost all p. (Note that p is thus 
the maximal ideal of Oi^, as defined in the previous subsection.) The adeles form 
a ring 



n'^p 



where A; is the restricted product of the Ip with respect to the subrings Oi^ '^ Ip- 
Addition and multiplication are defined componentwise. Let Aj , denote the finite 



ki as 



p infinite 

As stated in Section 10 of 'J', there is a natural mapping 

I -^ Ai 
b^{b), 



component of A;, i.e. let 
and we similarly define the 


A;, = n' 'p' 

p finite 

infinite component of 






Az^ 


= 11' V 
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i.e. an injective map of I into A; since b G Oi^ for almost all p and the map of I 
into any Ip is an injection. The image of I under this map is the ring of principal 
adeles, and we can identify I with this ring. Hence I is a subring of A;. 

1.4.3. A description of the adele group SU(2, 1)(A;). Now let L be a 

quadratic extension of our global field /. We are interested in 

G{Ai) = {j^ e SL3(A, (g)i L) : v* J'v = j'}, 

where J' is as defined in Section 11.11 We want to calculate the global Kubota 
symbol on an arithmetic subgroup of G{Aij,). In order to do so, we will need to 
calculate the local Kubota symbol on a compact open subgroup of 

G(Zp) ={i^e SL^ilp <»i L) : v'j'V = J'}, 

where p is finite. Thus, we want to calculate the Kubota symbol on a subgroup of 

G(0, J ^{ve SL3(Oi, ®o, Ol) ■■ v'j'v = J'}. 

We should first describe Lp := Ip (E)i L in order to understand G{lp). Let 
^0 = V—d, where d G Oi such that —d is not a square in / and L — l{9o). Then 
the theorem in Section 10 of [4] states that there are at most 2 extensions of the 
valuation | • |p to L, and if *p is a prime above p in L (written as *P | p), we have 

Lp =lp®iL ^^L^, 

where L.p denotes the completion of L with respect to *p. This implies that for a 
finite prime p, 

if pOi does not split in Ol\ 
I lp, if pOl splits in Ol- 

Thus for every finite prime p, we have to consider if the extension Lp/lp is 
non-split (hence unramified or ramified) or split. Also, note that the first lemma 
in Section 14 of fi] states that 

A; (g)/ L = Al, 

in both an algebraic and a topological sense, and I (E)i L ~ L C Ai (E)i L, where 
I d Ai, is mapped identically on to L C A^. This implies that 

G{Ai) ^{lye SL3 (Ai) : ly'j'V = J'} , 

and hence for a finite prime p, 

G{Oi^ )^{iye SL3(Ol J : ly'j'v = J'}. 

Note that we will be putting k = lp and K — Lp as defined in Section 11.11 in 
Part[3j hence we get the same definition for G{lp) and G[Oi^) using (jl.ip and (jl.Sp . 
We will also assume that when Lp/lp is ramified, 6q is a prime element of Lp. 




CHAPTER 2 



With reference to Deodhar's paper 



As stated in the Introduction, [6| is heavily rehed upon when calculating the 
2-cocycle of the universal central extension of G{k). We need to establish a few 
more facts from 6^ in order to show that our result will be valid. 

2.1. Some properties of SU(2, l)(fc) 

As before, we let k be an arbitrary field of characteristic zero and K = ^(6*0) a 
quadratic extension of k. Proposition 2.11 of 6j states the following: 

Proposition 2.1. There exists a well-defined function 5 — (61, S2) '■ K^ — > i x L2, 
where 

L — {m G K^ : Tr (m) — —N (r) for some r G K} 

and 

L2 = {qOa- qek""} C L 
as follows: 
(i) IfXek'^, then 

(5i(A) = A0o, <52(A) = 0o. 
(ii) IfX = a + bOo, b ^ 0, then 

Si(X) = ----^, (52(A) --- ^ 



2 2beo 266*0 

(Note that L has also been defined as a field, but there should be no overlap in 
notation as the definition of L as used in this section will not occur elsewhere.) 

As a consequence, \ = 5i (A) /S2 (A). Also, for any m d 61 {K") with m ^ k^ 
and m' e 62 {K^-), 

Si[—-)^m, 62 {^^m'. 
V to' / \m' / 

Proposition 12. II implies that for A e -ftr^, we have 

he (A) = w„ (2/(A), ^1 (A)) • We (0, 62 (A))-^ , 
where 

(2.1) yW = l'' '''^'^-' 

11, otherwise. 

Thus by (|1.2p and the above, all elements of T(fc) are generated by elements of 
N{k) and N{k). This in turn implies that by the Bruhat decomposition for G{k) 
(see dOl) and (dZl)), every element of SU(2, 1)(A;) is generated by N{k) and N{k). 
This verifies the theorem obtained from Sections 1.2 and 2.3 of [6]: 

Theorem 2.2. // a group G is quasi-split, then G{k) is generated by the unipotent 
elements in G{k) which belong to the radical of a parabolic subgroup P defined over 
k. 

We also have the following definition: 

26 
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Definition 2.3. A perfect group G is a group which is its own commutator sub- 
group, i.e. if we express the commutator oi g, h G G as 

[g,h] = g-h- g^^ ■ h^^ , 

then 

G^ [G,G]. 

Recah that we have set G = SU(2, 1). As stated in Section 1.1 of f6l, a necessary 
and sufficient condition for an abstract group to have a universal central extension 
is that the group is perfect. As N{k) and N{k) consist of commutators, and G{k) 
is generated by N{k) and iV(fc), this implies that G(fc) is perfect. Thus there is a 
universal central extension of G(fc), which may be expressed by 

1 — ^ TTi — ^ G ^^ G{k) — ^ 1, 

where tti denotes the kernel of tt: G — > G(fc). (Note that tti is also known as the 
Schur multiplier or the fundamental group of G(fc), and it is central in G.) 

By Lemma 1.10 of 6J, there is a unique lift of N{k) to G. This implies that we 
can write for Xa [r, m) £ N(k) the corresponding element in G by Xa {r, m), and if 
we define 

N{k) = {xa (r, m) : Xa [r, m) G N{k)}, 

then tt: N{k) — )■ N(k) is an isomorphism. Similarly it: N{k) — > N{k) is also an 
isomorphism, and we may define the corresponding element of x^a (r, m) in G as 
X-a {r,m). Thus we may define, similar to (II. 2p . the element 

^ , . ~ f ^~ (r m\ ^ ( m 
Wa [r, m) = Xa (r, m) ■ X-a \ ^, ^ ] ■ Xa \ r ■ — ,m 

\m m J \ m 



Furthermore, Proposition 2.9 of 6] lists a few relations relevant to our discus- 
sion. We list the most important relations for reference here. 

Proposition 2.4. Let 

(2.2) A^{{r,m) e K X K: {r,m) ^ (0,0),Tr(m) = -N(r)}, 

and define f,g:A^KxK by 

/(r,m) =(—, — ) , g(r,m)=(— ,— 
\m mj \m m 

The following hold in G, and hence in G{k) too: 

(7* 1 \ / 777, 

m raj \ m 

m 



m 



Wa{r,m) =Wa\r ■ —,m] = Wa{{g o fy{r, m)) Vi 



\m mJ 

,^s ~ , , _ , , ,. _ , ,-1 _ fr'-m m' \ 

(2) Wa (r, m) -Xair ,m) -Wa [r, m) = x^a ^ , ^-r , . ■ 

\ m^ N (m) J 

T / 7*' ■ 771 \ 

(3) Wa (r, m) • X-a (r' , ra') ■ Wa (r, ra) ~ Xa\ — zz. — ,fTi' ■ N (m) . 

\ m J 

(4) Wa (r, m) -Wair ,m) -Wa [r, m) = w_q 5- , rrr^ 

\ m^ JN (to)/ 

_ fr'-m? N(to)\ _ f r' ■ rn^ N (to) 
= Wa == , -^ ] =w' 



m; ■ m, m' 
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(5) [Wa iPi,h) ■ Wa (p'lJ'i)] ■ Wa {r, m) ■ Wa {r' , m') ■ [Wa (Pljl) ■ Wa ip'i,l'i)]^^ 

Note that we will use the above definition of A when we are finding an equation 
for the 2-cocycle of the universal central extension of G{k). We can also define A 
as 

(2.3) A ^ {{z,^!^ {z) /2 + t9o) e K X K : t e k,{z,-N (z) /2 + t0o) 7^(0,0)}. 

This definition will be useful later in Part [3] 

2.2. The universal topological central extension 

In this section we assume that fc is a non-archimedean local field. We shall 
regard G(fc) as a locally compact topological group, in which the topology is given 
by the norm on k. We shall write H^ for measurable cohomology as defined by 
Calvin Moore in |12j . and we shall write W for continuous cohomology. 

In Deodhar's paper, G{k) is first regarded as an abstract group when construct- 
ing the universal central extension. It is subsequently regarded as a topological 
group, with the topology given by the norm on fc. It was shown in that paper that 
the universal topological covering group for G{k) exists and that the topological 
fundamental group is a quotient of fi{k), where /i(fc) is the group of roots of unity 
of fc. 

We first recall what a topological central extension is. This is a central extension 
of topological groups 

1 — > K — > &°P — >G — >1, 

where G*°p is the universal topological covering group of G, and in which K is dis- 
crete and there is a neighbourhood U of the identity in G, such that the projection 
[/ ^ [/ is topologically isomorphic to K x U ^^ U. 

We now turn to a paper by Prasad and Raghunathan which was published in 
two parts, |15l and |16l . In 10.3 of |16j . we have the following proposition: 

Proposition 2.5. Let Q be a locally compact, second countable topological group. 
Assume that Q = [Q,Q], and H^{Q,M./'Z) is a finite group. Then Q admits a 
universal topological covering and its topological fundamental group is isomorphic 
to the dual of H^^{g ,R/Z) . 

We first note that G{k) is a locally compact second countable group, and we 
have already noted that G{k) — [G{k), G{k)]. In order to use the above proposition, 
we must show H^{G{k), M./Z) is a finite group, and that the dual of this group is 
equal to the fundamental group tti = /u(fc). 

Theorem 1 of |19) states the following: 

Theorem 2.6. Let G be a topological group, and A be a G-module. If G is a locally 
compact, cr-compact, zero- dimensional, then Hj-^(G,A) = H'^{G,A). 

In other words, the cohomology groups based on continuous cochains and the 
cohomology groups based on measurable cochains coincide for our group G{k). 
This implies that H^{G{k),R/Z) ^ H^iG{k),R/Z). In 5.10 and 5.11 of [H], it 
was established that if G is an absolutely simple, simply connected group defined 
and quasi-split over F (where F is a non-archimedean local field) and T-l is the 
F-subgroup of Q, F-isomorphic to SL2 and determined by a long root, then the 
following theorem holds: 
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Theorem 2.7. The restriction H'^{g{F), R/Z) -^ H'^{n{F), R/Z) is an isomor- 
phism. Hence, H'^{Q{F), R/Z) is isomorphic to jjl{F) — Hom(/i(i^),R/Z), the Pon- 
trjagin dual. 

Theorem O shows that H'^{Gik),W/Z) = /i(fc), i.e. H'^{Gik),R/Z) is finite. 
Thus using Theorem 12.61 by Proposition 12.51 g^..(G'ffc).R/Z) is a finite group and 
thus G{k) admits a universal covering and its topological fundamental group is 
isomorphic to the dual oi H^{G{k),R/Z) — fi{k), i.e. the topological fundamental 
group is isomorphic to /i(fc). 

We should also mention the cases when fc = M and fc = C In these cases, G{k) 
is a connected Lie group, and its universal cover G, in the topological sense, has 
the structure of a Lie group and is the universal topological central extension. If 
we denote the topological fundamental group of G{k) as ttj^"^, then when A; = M we 
have TT]^"'' = Z and when fc = C we have tt^°^ = 1. 

2.3. A section for n: 811(271) ^ SU(2,l)(fc) 

Again let fc be a local field and let G be the universal topological central ex- 
tension of G(fc). We can now define the section S: G{k) — ?► G as in Section 2.21 of 
[6]. This section will give rise to a 2-cocycle cr„ defined by 

a^{g,h)^5{g)-5{h)-5{g-h)-\ 

where g, h E G{k). 

By the Bruhat decomposition (see Section [1.21) . any element of G{k) can be 
uniquely written in the form uhwv, where h € T{k), w EW (recall that W is the 
set of representatives of the Weyl group of G{k)) and u, v E N{k). We will choose, 
as in [6], w^ (0, ^o) as the representative of the non-trivial element of W. So we may 
define S{wa (0,6*0)) = Wa (0,6'o), and since tt: N{k) — ?> N{k) is an isomorphism, we 
may choose 6{xa {r, m)) = Xa {t, m) (see Section [2. ip . 

As for h e T{k), suppose that h = ha (A). Then we define 

(2.4) ,5 {ha (A)) = Wa (2/(A), <5i (A)) • w^ (0, 62 (A))"' , 

where y{X) is defined as in (j2.ip . 

Thus, for uhwv € G{k), we may define S^uhwv) — 6{u) ■ d{h) ■ 6(11]) ■ S{v), and 
hence 5 is a section for n. 

Our next aim will be to express the 2-cocycle CTu in terms of K2 symbols. 
Deodhar performed this calculation on the split torus, but we shall need to extend 
his formula to the whole group. 

For X, fi £ K^ , let us define 

(2.5) ba (A, fl) = S {ha (A)) • S {ha {fi)) ■ S {ha {Xfi))'^ , 

i.e. ba (A, fi) — (Ju {ha (A) , ha (m))- It is established in Section 2.30 of "6" that 

(2.6) ba {s, t) ■ ba {st, r) ~ ba (s, tr) ■ ba {t, r) , Vs, t,r £ k^ ; 

ba{l,l) = l; 

(2.7) ba{s,t)^ba{t-\s), Vs,iefc^; 

(2.8) ba{s,t)^ba{s,-st), ys,tek''; 

(2.9) 6a(s,t) = 6„(s,(l-s)t), Vs,t e fc"", S7^ 1. 

Indeed these relations all hold in the universal central extension, and so they are 
also true in the universal topological central extension. Note that the section S is 
continuous on the split torus S{k), and thus the restriction of ba to k^ x fc^ is 
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continuous. It is also established that tti (as opposed to tt"^) is given in terms of 
generators and relations as 

TTi = ({&„ (s,i) : s,i e fc^} I dSl]) - (EH)) . 

Since &„ (A,/i) G tt^^"^ for any A, /i G ii'^ (by the proof of Lemma 2.12 of "6]), this 
implies that &„ (A, /i) can be written in terms of these ha (s, i)'s. 

Thus, we would establish what a^ is on T{k). Unfortunately in [6 , Deodhar 
only proves that the &„ (s,i)'s (s, t ^ k^) satisfy the relations above, and not what 
ba (A,/u) is explicitly for all values oi X, fi G K^ . But we can adapt the methods 
used in [6] to achieve this goal, and by using the section S, we will be able to express 
what cr„ is on the whole of G(fc) in terms of ba (s, i)'s, where s, t G k^ . 

2.4. fc as a local field 

Let fc be a non-archimedean local field. We first note that by Theorem 3.1 of 
|12j . that ba (s,i), for s, i e fc^, is bilinear, i.e. for s, t, r Q k^ , 

(2.10) ba{st,r)^bais,r)-bait,r), 

ba{s,tr) = ba {s,t) ■ ba is,r) , 

since ba (s,t) is continuous (as fc is a local field; see previous section). A corollary 
of the abovementioned theorem is that the n-th power Hilbert symbol ( — ,— )fc„ 
(where n is the number of roots of unity of fc) and its powers are the only functions 
which are continuous and satisfy the equations (|2.6p - (|2.9I) (a definition of the 
Hilbert symbol may be found in Chapter [3]). We have the following proposition: 

Proposition 2.8. For any local field k, if n denotes the number of roots of unity 
in k and /z„ denotes the group of n-th roots of unity of k, then -n"^ ^ /i(fc) — fin, 
and the isomorphism may be described by 

$: <^ = M« 

bais,t) h^ (S,i)fe,„, 

where s, t £ k^ and (— , — )^, ^ is the n-th power Hilbert symbol. 

Proof. We have shown that there is an isomorphism of the form ba (s,i) H' 
(*'^)fcn ^'-'^ some r. However, the result of Prasad and Raghunathan shows that 
the order of the topological fundamental group is n. Hence we may take r = 1. D 

Thus from Chapter U onwards, when both s, i e fc'^, we will use the Hilbert 
symbol {s,t)f,^ instead of ba {s,t). This implies that when we apply $ to (|2.10p 
and (1221) - (ESI), we get 



Vs,iefc'' 

Vs,tefc^ 

Vs,tefc^ 

Vs,ie fc^, s^i 



(2.11) 


ist,r)k,n^ 


(s>'^)fe,„-(i>Ofc,„, 




{■^Mk,n^ 


(s>*)fc,«-(s.'^)fc,«. 


(2.12) 


i^^t)k,n = 


(^"''^).,„' 


(2.13) 


i-^^t)k,n = 


(«.-S*)fc,„' 


(2.14) 


(S,i)fe,„= 


{'•^^ (1 - '^)i)fc,n , 



CHAPTER 3 

Some properties of quadratic extensions 

In this chapter, we gather some information to be used in later chapters, mostly 
to do with quadratic field extensions. 

3.1. The Hilbert symbol 

We define the n-th power Hilbert symbol, where the group /x„ of n-th roots 
of unity is contained in a local field k, with n a natural number relatively prime 
to the characteristic of k. This definition may be found in Section V.3 of [13] . 

Letting K ^ k i vfc^) be the maximal abelian extension of exponent n, it has been 

established that Gei\{K/k) 9^ k"^ /{k'^Y and Hom(Gal(i^/fc),^„) = fc^/(fc^)". The 
bilinear map 

Gd\{K/k) X Hom(Gal(ii'/fc), /i„) -^ Hn, (7, x) ^ xil) 
therefore defines a nondcgcncratc bilinear pairing 

(-,-)fc,n:fcV(fc'rxfcX/(fcX)«^^„, 

which we call the n-th power Hilbert symbol. Now using the notation introduced 
in Subsection 11.4.11 let p be the characteristic of the residue field Ok/pk, and 
q — \Ok/pk\- We have the following proposition: 

Proposition 3.1. If n and p are relatively prime and a, b ^ k^ , then 



(a,6K„^f(-ir(«)'^^W.^ 



(fc) 



(Pfc)- 



A proof of the above proposition may be found in V.3.4 of [13] . When n and 
p are relatively prime, we call this the case of the tame Hilbert symbol^ as defined 
above. Note that a consequence of the tame Hilbert symbol is that whenever a, 
be 01, {a,b)k.n = l. 

We should also note that the Hilbert symbol obeys the product formula^ which 
is proved in Theorem VI. 8.1 of |13| . We state this theorem for later reference. 



Theorem 3.2. Let I be a global field, p a prime of I with Ip the localisation of I at 
p. Also, let I contain the group /i„ of n-th roots of unity. Then for a, b Cz l^ , 

P 
where p runs through all the primes of I . 

In our case, we are more interested in quadratic Hilbert symbols (i.e. when 
n = 2). It has been established that the quadratic Hilbert symbol has a more 
concrete meaning: 

(a, &)fe 2 = 1 ^=^ "^^ + ^^^ - Z^ = has a non-trivial solution {X, Y, Z) in k^ . 

(See Chapter HI of [H].) 
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Now using our usual definition of k and K, we list the properties of quadratic 
Hilbert symbols here for convenient reference later, a proof of which may be found 
in Section V.3 of TS . For s, t, r e k^ , m e Z, 

(3.1) (S,t)fc_2 = (S,i)fci = («"^*)fe,2 = (*'^"^)fc,2 = (*'«)fc,2; 

(3.2) (s, t)^,_2 =- (s, -st)fe^2 == (-St, i)fc_2 ; 

(3.3) (s,i)^_2 = (S'(l--'^WM = ((l-^)*'^)M' (fors^l); 

(3.4) (st,r)^2 = («'0fc,2-(*'0fe,2' 

(^''•^)fc,2 ~ i*''')fc,2 ' i'^''')fc,2 ' 

(3.5) (S,i)"2 = (s,nfe,2 = (s™:0fc,2; 

(3.6) (s,i)^2-(s,t^),,2 = (s''0M = l- 

(Note that the above is true for any field.) In addition, for all A G fc^, /i e K^ , 

(3.7) (A, N (a.)), 2 = (A, m)k,2 - (m, A)^^2 = (N (a^) , A),^2 • 

(A statement and proof of this may be found in Chapter 2, Section 1, Theorem 2.14 
on Page 101 of [11]. In fact, 

(3-8) (A,N(M)),„-(A,/i)^„, 

(3-9) (N(^),A),_„ = (/i,A)^^„ 

by the same statement and proof.) 

3.2. Non-split and split quadratic extensions 

Recall that in Subsection II. 4. 3[ we established that we will be calculating the 
local Kubota symbol on a compact open subgroup of 

G(/p)-{i.eSL3(Lp): iy*J'V=J'}, 

where J' is as described in Section [TTTl I is a global field, p is a finite prime of Z, Ip 
is the completion of I with respect to p, i = l{9o)i ^o = V—d, d £ Oi such that —d 
is not a square in I, and L^ = lp®i L. 

In our calculation of the Kubota symbol, we will often use the properties of 
the extension Lp/lp. We gather the statements of these properties in the next two 
subsections. 

3.2.1. The non-split case. Consider any local field k. Let iiT be a finite 
extension of k. Then using the notation of Subsection ll .4. ll there is only one prime 
pK above pfc, i.e. pA- | pfc and 

pkOK = pK. 

where e = e{K/k) G N is called the ramification index of the extension K/k. If we 
define the residue class degree of the extension K/k as 

/ = ,f{K/k) = [Ok/Pk ■■ Ok/Pk], 

then it has been established in Proposition 3 of Section 5 of [7] that 

[K ■.k]= e{K/k)f{K/k). 

An extension of local fields K/k is ramified if e{K/k) > 1 (and unramified or 
inert if e{K/k) = 1), and is totally ramified if e{K/k) = [K : k]. 

From Section 6 of 7 , an Eisenstein polynomial in k[X] is defined as a separable 
polynomial 

E{X) = X"' + 6™_iX™-i + --- + biX + bo, 
with 

Vk{bi) > 1 for i = 1, . . .,m - 1, and Wfe(6o) = 1- 
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We have the foUowing theorem (Theorem 1 in Section 6 of [7]): 

Theorem 3.3. (i) An Eisenstein polynomial E(X) is irreducible. If II is a root 
of E{X), then K — k\U\ is totally ramified and vk{J^) = 1- 
(ii) // K is totally ramified over k and vk (H) = 1 , then the minimal polynomial 
of n over k is Eisenstein and 

OK^Oum, K^k[Ii]. 

The above theorem imphes that since we have a prime element tt = -kl^ G Ol^ 
such that vl^ (tt) = 1, then if Lp/lp is totahy ramified, 

We can find an analogue for the unramified case of the above theorem. Let 
the image of an element a G Ok in the residue class field Ok/pk be denoted by 
a and similarly let the image of an element f{X) G Ok[X] in the polynomial 
ring {Ok/pk)[X] be denoted by f{X). Proposition 1 of Section 7 of [7] states the 
following: 

Proposition 3.4. (i) Suppose K to he unramified over k. Then there exists an 
element c G Ok with Ok/Pk — {Ok/pk)[c]- If c is such an element and f{X) 
is its minimal polynomial over k, then Ok — Ofcic], K — k[c\ and f{X) is 
irreducible in {Ok/pk)[X] and separable. 
(ii) Suppose f{X) is a monic polynomial in Ok[X], .such that f{X) is irreducible 
in {Ok/pk)[X] and separable. If c is a root of f{X) then K = k[c\ is unramified 
over k and Ok/Pk = {Ok/pk)[c]. 

We will be using the above to establish whether Lp /Ip is ramified or unramified 
if pCip is not split. We will also need to use Henscl's Lemma. Appendix C of [4] 
states this lemma, which we will write as a theorem. 

Theorem 3.5 (Hensel's Lemma). Let k be a field complete with respect to the 
non-archimedean valuation \ ■ \ and let 

f{X)eOk[X]. 

Let oo G Ok be such that 

|/(ao)| < \f'{ao)\\ 
where f'{X) is the (formal) derivative of f{X). Then there is a solution of 

ft \ n \ I ^ I/(Qo)I 

1/ laojl 

oo is known as the approximate root of the polynomial f{X). The above lemma 
will be useful when we want to apply Hensel's Lemma with respect to our field Lp , 
as we will know the normalised valuation of lp but may not know directly the 
normalised valuation on Lp . 

3.2.2. The split case. In the split case, we have 6*0 G Oi^ C lp, and Lp = 

lp(B lp. We can think of Lp as being isomorphic to lp{9o) by the bijective map 

lp{0o) = lp®lp 
(3.10) a + bOo^ {a + beo,a~beo) 

for any a, b € lp. Hence, we identify lp with {(a, a) G ip : a G Zp}. Note that where 
no confusion can occur, we will denote an element (a, a) G ip as a G lp and an 
element (a + b9o, a — b9o) G Lp as a + 66*0 S Lp. 

Also, the norm and trace of (a, b) G Lp are defined respectively as 

N((a,fe)) = a6, Tr ((a, 6)) = a + 6. 
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Thus, for any clement a G Ip, we can always choose an element in c G Lp such that 
N (c) ~ a. An obvious choice would be c = (a, 1). 



Part 2 

The 2-cocycle of the universal 
central extension of SUf2, l)(k 



CHAPTER 4 



The 2-cocycle on T{k) 



Suppose that fc is a local field containing an n-th root of unity and let G = 
SU(2, 1). Recall that we have a homomorphism 7ri(G(/c)) -> ^„ given by ba{s, t) i— > 
(s,i)fe,n for s.i G k^ . This map gives rise to a central extension 

1 -> fin -^G-^ G(fc) -^ 1. 

We have seen that if k is non-archimedean and n is the number of roots of unity 
in k, then this extension is the universal topological central extension of G{k). We 
have described a section S : G{k) — !• G. This section gives rise to a 2-cocycle CTu on 
G{k) with values in /i„. 

Recall that we are actually interested in the 2-cocycle corresponding to the 
double cover of G(fc), which represents a cohomology class a G H^{G{k), fj,2)- By 
the existence of a universal central extension we have (by Theorem 1.1 of 1121) for 
any trivial G(fc)-module A, 

H^{G{k),A) = Hom(7ri,^) = Hom(^„, A). 

This implies that 

H\G{k),fi2) = Hom(Ai„, Ai2) = Z/2. 

Thus, a = Gu . We will use this fact in Chapter IH] to describe the cocycle a. 

We will first calculate the cocycle CTu on SU(2, l)(fc). This calculation is divided 
into 2 chapters. This chapter introduces the notation we will use, cites a few results, 
and we will calculate the 2-cocycle on a maximal torus T(fc) of G(k\ Recall that 
we write (s, t)^ ^ instead of 6q (s, t) when both s, t E k^ . Also, recall the definitions 
of Si and S2 as stated in Proposition [TT] We will get the following theorem: 

Theorem. For A, /i e K^ , 

<7u {ha (A) ,ha (m)) 

'(A,m)j.„, if\,fiek'^; 

(p, -S2 (A) /0o), „ , zfX^k^^fiek^; 

(x,fi6i{fi)/eo] , if X e k"" , fi (^ k"" ; 

\ / k,n 

= <;(-l,N(A)k„-(-^%^,AA.) , ^fX,^,ik\X^,ek■-; 



yo 



k,n 



N(5i(^)) N(A)^ ( fiSiifi) 

Hi 



Nl-^ilA))' q" A.„ V"' 62{\) )^^^ 
^ •I]'(A, /x), otherwise, 

where, if X = a + bOo, fi ~ c + d9o, with a, c G k, h, d G k^ , 

be 
q = a+ —, 
a 
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and 



E'(A,A.) 



N(A) 



i^wrb% 



4a2N(<5i(/i))'((a-g)a-fo20§)^,„ 
(N(A))26404 N(A) ■ ' 



ifX(^k>'9o,aq = NiX); 



1, z/Aefc^^o. 

It should be noted that the right-hand side is given in terms of n-th power 
Hilbert symbols on k. 

The next chapter will use the results of this chapter to prove what the 2- 
cocycle is on the whole of G{k). We will then get an expression for the 2-cocycle a 
corresponding to the double cover of G{k) using the relation above. 

4.1. Initial results 

We first note that for aU s, t e A:^, by ((2ll|) . 

(4.1) (^,C«-(^"'OM. = (^'*'"k«' 
for 771 e Z. 

For s G fc^, since (s,-s"^)j.„ = 1, by (^3]) . 

(4.2) S{h^is))-'=5fh„f-^)'\ ■S{h^{-l))-\ 

Also, by Proposition 12.41 for s, t €z k^, 
[wc. (0, sOo) ■ wc, (0, -eo)] ■ Wc (0, tOo) ■ Wc (0, -^o) • [wa (0, s0o) ■ Wc (0, -^o)]"' 



Wa 0, 



(i^o)(- 



• Wa 0, 



(-^o)(-.s^e§) 



i.e. by (E31), 

<5(/ia(s))-<5(/i„(i))-<5(/ia(s))-^ 

= tZi„(O,s2t0o).^„(O,-s2^o) 

= lli„ (0, shOo) ■ [wc (0, OoT^ ■ Wa (0, 0o)] • Wa (O, S^^o) "' 

Thus by ([23]), ([2J2)) and gl|), 

(4.3) <5 (/^a (S)) • 6 {ha (t)) ■ 6 (ha is)y' ■ S (ha (t))"' = {t, S^'^ = {s, t') ^^^ . 

Also, since {s,t)^. „ is central in G for all s, t E k^ , the above implies that 

(4.4) 6 {ha (S)) • 5 {ha {t)) ■ 6 {ha (s))"^ • 5 {ha (t))"' 

= S {ha {t))-' ■ 6 {ha (S)) • S {ha {t)) ■ S {ha (s))"^ , 



Remark 4.1. By ((4T]) . (-1, s^)^^^ „ = 1 for all s e fc^. This implies, by (|0)) and 
\, that (5 (ft-c (—1)) commutes with S {ha (s)) for all s € k^ . 



Hence by the above, we can now work out the "easy" cases, which are sum- 
marised in the following proposition based on Lemma 2.23 of [B] : 

Proposition 4.2. For q e k'^ , X ^ k"- , 

(i) ba{X,q)^{q,-62{X)/9o)^^,„ 

{ii) ba{q,X) = (q,X'SrW/0o) ■ 
\ / k.n 
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Proof. We first prove (i). We have by (|2.5p that 

&„ (A, q) = S {h^ iX))-d [h^ (q))-6 {K (Ag))"' , 
and by ((^ . 

ho. (A, q) = w„ (1, r5i (A)) • iU„ (0, 52 (A))-^ • (5 (/i„ (g)) • ?i;„ (0, (52 (Ag)) 
•Wa (l,(5i (Ag))"^ 
= Wo. (1, <5i (A)) • w^ (0, (52 (A))"' • (5 (/i, (g)) • {C„ (0, 82 (Xq)) 
■ Wa{0,Oo)' -Wq (0,6*0) • WaiO,qS2{Xq)y 
•Wa (0,(7(52 (Ag)) • Wa (l,(5i (Ag))~^ 
= Wo. (1, 5i (A)) • Wo. (0, (52 (A))-' • (5 (/!„ (g)) • S {ho. {S2 {Xq) /^o)) 
• 6 {ho. {q62 {Xq) /9o))'' ■ Wo. (0, q62 {Xq)) ■ Wo. (1, <5i {Xq))-' . 
Hence by (12. 5p again, 

bo. (A, (?) = (g, ^2 (A(?) /0o)fe^„ • Wo. (1, (5i (A)) • Wo. (0, (52 (A))^^ 
• Wa (0,(j(52 (Ag)) • Wq (1,^1 (Ag))" • 
But since q ^ k^ and A ^ fc^, we have by Proposition 12.11 that 

(4.5) ,5i {Xq) = 5i (A) , 

(4.6) ,52 {Xq) = {\/q)52 (A) . 

Thus, 

bo. (A, q) = {q, (52 (A) /(g0o))fc,„ • Wo. (1, 5i (A)) • Wo. (0, ^2 (A))"' 
•^a(0,(52(A))-Wa(l,,5i(A))-' 
-(g,-<52(A)/0o),,„ 
by (12331) ■ Similarly for (ii), by (^3]) . 

6„ ((?, A) == 5 (/i„ ((?)) • 6 {ho. (A)) • 6 {ho. {Xq))-' . 
Thus, 

bo. {q, A) = (5 {ho, {q)) ■ Wo. (1, (5i (A)) • iI5a (0, (52 (A))"' • iC„ (0, S2 {Xq)) 
■ Wo. (l,(5i {Xq))- 
by (I231). By Proposition [131 

Wo. (1, ^1 (A)) • Wo. (0, ,52 (A))-' • Wo. (1, ,5i (A))-' = Wo. (0, N (,5i (A)) /S2 (A)) . 
With the above and (|4.6p . the equation becomes 

6a (A, 9) = ^ (/iq {q)) ■Wo.io, r- ,.-, ] ■ Wo. (1, ^1 (A)) 



<52(A) 
Wo.{0,52{X) /q) ■Wo.{l,6i{X))-\ 



Also by Proposition 123 



Wo. (1, ,5i (A)) • Wo. (0, ,52 (A) /(?) • Wo. (1, ,5i (A)) = Wo. (O, N ((5i (A)) q/52 (A)^ 

= tIJ„(0,N((5i(A)),7/,52(A))~V 



4.2. SOME USEFUL LEMMAS 



39 



This implies by ([^ that 

ba (A, q)^d [ha [q)) • Wa 0, — , ,,, ) • Wa I 0, ■ ' 



6 (ha (q)) • Wq 0, 



^2 (A) 

N(<5i(A)) 

<52(A) 



<52(A) 



Wa (0,6*0) -Wq (0,6*0) 



Wa [0, 



N ((5i(A))g 

<^2(A) 



= ,5(/i„ (g)) • 5 (^ha [xSi {X)/9o)) ■ 5 (/i„ (a<5i (A)g/0o)) 
since \ = Si (A) /^2 (A). Hence, 

6„(A,g) = (9,AMA)/0o) 
by (123]). 



n 



Thus we are left with finding an explicit expression for ba (A, /i) where X, fi ^ 
k^ , in terms of (s,i)j,^'s, with s, t € k^. But before proving the main theorem, 
we must first establish a few lemmas. 



4.2. Some useful lemmas 

Lemma 2.15 of [6] states (with some change in notation) that 
Lemma 4.3. For {r,m), (0, m') e A (see 1^^ ). 

(i) Wa (?", ?7l) • Wa (0, to') = Wa (u, v) ■ Wa (u' , v'), With 

rmm' 



mm 

V = r, W 



m{m + m') m + m 



rm' . N {m') 

— ^, V - 



m + m,' 



(ii) Wa (0, m') -Wa {t, m) — Wa {u, v) ■ Wa (u" , v"), with u, V the same as in (i) and 

„ rm „ N (m) 



m + m' m + m' 

Thus, using the above, we will prove the following: 

Lemma 4.4. For a general {si,ni) G A, t d K^ , 



Wa (si,ni) ^ -Wai -^, 



si ni 



t 'N(t) 

S[ha[-^^yS[ha[- 



ni 



■Hhait)), 

-^,N(t)) -S (ha (Nit)))., 

™0 J k.n 



N {t) 00 
N(ni) 



ifm e A:''6'o; 

ifte k""; 

ifni e k^, t £ k^9Q. 



Otherwise for ni — a + b9o, t — c + d9o, a, d <E k^ , b, c £ k, if 

qi = c+ ^^0, 
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the 



~ , x-l ~ ( si 

Wa (Sl,ni) -Wal—, 



Si "-1 



NW 






dN(ni) 



,N(i) .^l/i^CNlt))). 



// (71 = 0, then we let 



, si , ni 

t ' N (i) 



so that 



~ , .-1 ^ til 

Wa (Sl,ni) -Wa [ —, 



Si ni 



t 'N(i) 



/ ?N-1 



Wq (s , n ) • Wa {s t,n N (i)) 



and calculate Wa {s',n') ■ Wa (s'i, n'N(t)) instead, using the above results. 

Proof. Recall from Proposition 12.41 that for any {r,m) e A (where A is as in 



(ESD), 

(4.7) WairTin) — Wa {—r,m) . 

If m e k^Oo, then let ni = bOo, where b £ k^ . Then si = 0, and by (j4.7p . 



~ f ^-l ~ / Sl ni 



Wa {O,b0o) ^ -Wa (O'^;^ 



Wa (0, -fo6'o) ■ Wq 0, 



N(t) 



Hence by ^^ . 



~ I ^-l ~ /si ni \ 

-a(si,ni) .u;„(^-,^j 



i ' N (t) 

Wa (0, -b^o) • [tCa (0, Q^y^ ■ Wa (0, ^o) 

b 



■WaiO 



b0o 

'N{t) 



6ihai~b))-S[ha 



fll 



ni 



So assume that ni ^ k^9o, so that si 7^ 0. Let t E k^ . Then we know by (|4.7I 
and applying Proposition 12.41 twice for w, u' e fc^, that 

(4.8) [Wa (0, v9o) ■ Wa (0, v'0o)] ■ Wa (si, rii) • [Wa (0, w6'o) • Wa (0, w'6'o)]"^ 

si(^;^eo)(^go)" M~v^y 

yv'eon-v9o)' ^v'^el 

Siv niv'^' 



By Proposition HJH ior t' e k^ , 

(4.9) Wa (0, -i'6lo) -Wa (si,ni) = w^ (si,ni) • Wa 0, — — — 

This implies that if we let w = 1, w' = — t, then (j4.8p becomes 

"'^ (t'Tj) "^ t'^" (O'^o) • Wa (0,-^6*0)] -Wa (Sl,ni) • [Wa (0,6*0) • Wa (0,-^6*0)]"^ 
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By using (|4.9p twice, we get 



Va i-J, -j) = Wa {Si,ni)-Wa ( 0, _/^ j -Wa f 0, ^ j -Wa (0,i6'o)-WQ (0,-6*0). 



Hence, 



"q (t"' Tj) = ^a (Sl,"l) • U'a ( 0, 



N(ni) 



Wa (0, 6*0) • Wa (0, 0o) 



•^a(o,-^^^) ■wc.{o,teo)-w^{Q,~eo) 



tOo 



Wa (Sl,ni) • (5 ( /la ( Tj 



■5[ha{- 



N(ni) 

t02 



<5(/laW) 



by dUl) and dH]); i.e. 

1 .^ /si niN 
(si,ni) -Wal^—^-^j 



Wa 



N(ni) 



5 U, 



N(ni) 



^(/laW). 



(Note that the above also applies to ni e k^OQ-. for if ni = 66*0, fc G k^ , by using 
31) several times, 



Wa (O,66'o) ^ "Wa ( 0>-Tr ) 



<5 U« - 






Hha\- 






5{K{t)) 



S {ha (b^)) ■S{ha(-)) -Is {ha (t))"' • S {ha (i)) 



S{ha{t))- 6{ha{t^)) '-Sihait^)) 



5ihai-^]]-S{ha (-6))"' • <5 {ha (-6)) ■ S { ha 



= [t,J^ •(^,i)fc.„-(t',-^) ■S{ha{~b))-S(^ha{- 

Now it is a matter of using (|2.1ip . (|2.13p and (|ITT|) to get 
Wa (0, 66'o)"^ -Wa [0,-j-] 



= 5(/ia(-6))-<5U„(-^ 

Thus the two abovementioncd cases coincide for ni £ k'^Oo, t £ k^ .) 

Let t ^ k'^ , i.e. i = c + dOo with c £ k, d £ k^ . Also, let rii = a + 60o, with 
a e fc^, 6 e fc. 



4.2. SOME USEFUL LEMMAS 42 

It is sufBcicnt to find an explicit formula for 

~ / 2^-l ~ /^si "4 \ 

'Wa[siq,niq ) '^"[Y^'mT) I ' 

for some q € k^ , since we know from previous calculation that 

(4.10) Wa{si,ni)~ ■Wa{siq,niq^) 

By the proof of Lemma 2.16 of [6], assume that we can choose q £ k^ such 
that 



Then, 



(qt - l)ni = {q{c + d9o) - l)(a + b0o) 
= {{qc-l) + qd9n){a + beo) 
= {{qc - l)a + qbdOl) + {qad + {qc - l)b)9o. 



Hence, since {qc — l)a + qbdO}^ = 0, 

q^^ =c+ -. 

a 

Let m={qt- l)nr/(N {t)), h = q{qt - l)jii/t and pi = {qt ~ l)si/t. Then (0, m), 
(pi, ^i) € A, hence Wq (pi, ^i) and Wa (0, to) are well-defined. Using Lemma |4.3[ we 
know that 

•p\vn {qt — l){si/t)m si 



h+m {qt- 1)to t 

N (tTi) N (to) to 71i 



Zi+TO {qt-l)m {qt~l) N (i) ' 
Pi7 



1 pim h si 



Zi + TO h +m m t 

N(Zi) N(to) N(/i) ni , ,, -, 2 

h+m h+m N{m) Ni ^^ ^^^ ^ 



so 



~ / 2\-l ~ / Si "-1 

Wa {siq,niq ) ■ Wa [ — 



t ' N (i) ^ 

= Wa{pi,hy ■Wa{0,my -WaipiJl) ■Wa{0,m) 

by Lemma l¥751 By Proposition 12.41 

Wa(Pl,'l)~ •Wa(0,TO)" ■Wa{pi,h) ^Wa{0,'^{h) /m)~ , 
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thus by (|i?7)) . 



~ / 2\-i ~ si "1 

Wa [siq,niq ) -Wa [ —, 



i ' N (i) 



NGi) 



W^a 0, _ -Wa (0,m) 



W, 



(0,g2(gt_l)nr) '-w, (0,((zt-l) 



■N(t) 



5a (0, g2(qt _ l)ni) . w^ U [qt - 1)^ j 



Also, 



"a [Siq,niq ) • Wq — 



si ni 



i ' N (t) 
Wa{0,q'^{qt-l)ni) ■ Wa (0, 6*0)"^ • Wq (0, 6*0) • Wq ( 0, (gi - 1)— i- 



5 ft.a 



q'^iqt- l)ni 



S ha 



(qt - l)ni 
N (i) 00 



by (1131). This huphes, using (|CTI)) . that 



■U^a (Sl,'^!) ^ • Wq I -!-, 



Si ni 



t 'N(i) 



5 u. 



N(ni) 



(92 



5 U, 



N(ni)g 



<5 I /ia I - 



S ha 



q^{qt- \)ni 



■ 5[ha 



{qt - 1)711 
N (t) 00 



Also, by g3), 



M/^.!-^^ 



= 5 { ha 



N(Sh))^*<"°'-'»"^ 



Hence, 



Wq (Sljj^l) ^ • Wq ( y. 



Si rii 



NW 



(5 ha 



N(ni) 






(5 ha 



N(ni)g 



^(/Ja(-l))" 



• (5 /la 



.M/.„('^^fc^^V^^, ^^'^^-^^"^ 



V N(t)0o 
Since by Remark |4. 11 

S {ha (-1))"' • S {ha {t')) = S {ha {t')) ■ S {ha (-1))"' 
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for all t' G k^ , this implies that 



N(ni)q 



M /i„ I - 



■ S { ha 



q^{qt- l)ni 



^"■"'-"r'^^c-i^wysf 



Use (|2.5p several times to get 

N(ni) 



<^ Ua - 



fl2 



5 ha 



■5[ha\- 



5{ha[-^ 



N(ni)g 
-1 



5{ha{- 



■5[ha{- 



5\ha\-^ 



■ 5\ha 



5\h 



■ 5\ha 



q^{qt~ l)ni 



{qt- l)ni 



{qt - l)ni 



5\ha\- 



{qt- l)ni 



Sihai-l))-' 

{qt- l)ni 



S h. 



{qt - l)ni 



■ S [ha 



N (i) 9o 



S{ha{N{t)))-'-S{ha{N{t))) 

N(ni) g§ \ /I 1 

(gi- l)ni 



1_ qHqt-l)ni 

«2' fl„ 



-1 



N(i), 



(gt-l)ni\ ' 



-0 /fe.„ V N(t)0o /,,„ 



<5(/i<,(N(i))), 



By using (|TT2)) . (l2J3t . (|4T1 and ((2lT|) in the above, 
Wa (si,ni) -Wa I—,- 



rTf 1 



Since gi — 1 = uicIOq / {ac + bdO^), 
'si ni 









ni 



ac + 6d05 



{nid9o/{ac + hd9Q)Yni ' a 

^0 J k.n 

{ac + bdelY ac + hdel\ ( dN(ni) 
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By (Pl^ . (s"2, s)^ ^ = 1 for all s e A;^ , hence by also using (pTTTj) . 



Wa (si,ni) ^ • Wc ( 



si ni 



t ' N (i) 



d2N(ni)6l2' a 
dN(ni) 



k.n \ (J 



,N(i) 



k.n 



N(i) •(5(/i„(N(t))). 



k.n 



Lastly, by (l2J2l) and ((2lT|) . 



Wa (si,ni) • Wa — , 



si ni 






d^N{ni)el' a 



k.n 



k,n 



Thus, the above method applies for i ^ k^ , ni ^ k'^'Oo such that 






so that 
(4.11) 






g' N (t) 

d2NK)eg''^V.,„ 

<5(/ia(N(i))). 



dN(n 



i^,N(t) 



k,n 



If qi = 0, for the majority of these cases, we can interchange (si,ni) and 
(si/t, ni/(N (t))) to get the result, i.e. let 



s — — , n 



t ' N(t) 

and apply the above to 

Wa{s',n'y'^ ■Wais't,n'N{t)). 

The only exception is when c = bd9^/a — 0, i.e. when c = 0, 6 = 0. Hence, 
t = dOo and rti e fc^ , where d e k^ . Let t' ~ 1 + 9o, and let s", n" e iiT^ be such 
that 



t' 



si/t ' ni/(N(i)) 



N(t'); 



I.e. 



t' „ N(t') 

s = si • — , n = ?ii • 



r " "^ N(i)' 

Since s"/{si/t), si/s" ^ fc^, k^Oo, we will be able to work out Wa{si,ni)~ 
Wa {s",n") and Wa (s",n")"^ • «;„ (si/t, ni/(N (t))) using (|iTT|) : then 



^«a(sl,r^l) • lu^ 



t ' N (t) 



WQ(si,ni) • Wq (s",n") 



Wq, (s", n") • Wa 



i ' N (i) 



Let us calculate Wa (si, ni) • Wq, (s", n") first: since 
si t d0Q -del + d0t 



s" t' 1 



N(i') ' "1^^ ' 
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then in this case, using (|4.11l) . 



91 



-d0'o 



tOo 



1-02 N(i')' 



and therefore, 



Waisi,ni) ■■Wa{s",n") 



n?N(i)/(N(i')) 



n^^2„2fl2'9l 



{d/{^(t'Wniel 



{d/{^{t')))nl N(t) 
ni ' N (i') 



•(5U, 



N(0: 



J0o_ 

'N(t'; 



ini N (t) 



N(t')0o'N(i')yfe 



•^U, 



k,n 

N(t') 



N(t) 
N(i') 



Thus, 



(4.12) w„(si,ni) '•w„(s",n") 



= (N(i'),i^o).„ 



ni N(t) 



by (I2l3ll . As for w^ [s" , n")~^ • Wa (si/t, ni/(N (t))). 



• (5 /iq 



N(t') 



siA 



= t' = l 



„ m N (i') , X 



N(t) 



which imphes that by (14.111) . (71 = 1 so that 



~ I II ii\-'i- 
Wa(S ,n ) ■ w. 



si ni 



n"2N(t') 



l'""'^§ ^ / .V, 



1 • ■n"'^ 
-— ^,N(0) <5(/io(N(0)), 



I.e. 



(4.13) {s^is"yr'-w.l^j,^) 

Therefore, by ([11^ and (|il^ . 

Wq (si,ni)"^ • Wq (s",n") 



-^^iii|^,N(0) ■<S('>.(N(0)). 

V / / fc.n 



«.«(.,«)- •^.(y,^(^) 



5 h 



N^ 

'=■" V ieo'N(t')A,„ '^rnN(i') 

^^i^,N(0)^ •-5(/z„(N(t'))) 
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and by (PTTj) and (|il1) . 



Wq (si,rii) • Wq — , 



si ni 



t 'N(t) 

rii N (f) 






^^0 / fe. 



,5(/i„(N(t)))-i.5(/i„(N(i)))" . 



Again by (|2.1ip as well as (^3] 
'si ni 



WqIsij'^i) • Wq 



t ' N (t) 



N(0 
Hence we have 



^^^'0. -(-S'^^^O. -(^'^^^'O./^^^-^^^^^^^' 



^.(.i,ni)-^-zi;.(^,^)^(-^,N(i)) 



,N(i)) •5(/i„(N(t))) 

A;.n 



n 



i N(t)y V t^o 
by (|2.1ip again. Thus the lemma is proved 

Lemma 4.5. If {r,m), {r',m) G A, then 

r^_t_ 

for some (non-unique) t Cz K^ . 

Hence, if r' /r ^ 1 and m = a + bdo, t = c + ddo such that a, b, c, d ^ k, then 



Wa (r, m) • Wa {r' , m) 



-1,- 



N(m) 



^0 / k,n 



a^ N (t) {ac-bdeiy 



d^ N (m) 6l2 ' a2 N (t) 
' {ac + bdelf Q^Nft) 



a2 N [t) ' d2 N (m) Ol 



k.n 



k.n 



ifc^O; 

ifcy^O,ac- bdOl ^ 0; 
ifc^O, ac-hdel = 0. 



Proof. Since Tr (m) = — N (r) = — N (r'), it is necessary and sufficient that 



N| -I =1. 
r 



Thus, the existence of t is Hilbert's Theorem 90. A reference for this theorem is 
II. 1.2 Proposition 1 of [H]. 

We may assume that r ^ r' , otherwise there is nothing to prove. So either 
r' /r = —1 or r' /r = e + /0o, where e, f G k^ , therefore it is possible to choose 



t = 



9o, ifr7r = -l; 

— {l + e) + f9Q, otherwise. 



Note that these are not the only choices for t. The sequel is not dependent on the 
choice of t, thus we may choose any t which satisfies r'/r = t/t. 
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Firstly, if r'/r = —1 (so t e fc^^o), then by Lemma \TM 
Wa {r, m) ■ Wa {r , m) 



Wa {r,m) ■ Wa — r, 



5\h. 



N(rn] 



-l'(-l)^ 



■5{h. 



And since by Remark |4. 11 S {ha (—1)) commutes with S {ha (s)), s E k^ , 



N(to) 



Wa{r,m) ■ Wa{r',m,) = S {ha {-I)) ■ S [ ho 
This imphes that by (1^ . 



N(m) 



fl2 



S h, 



N(to) 



~ r N ~ / / N-1 f N(to)\ 

Wa (r, m) • Wa (r , m) = -1, ^2~ 

By Lemma 2.12 of 6 , for arbitrary {si,ni), (pi,/i) E A, t E K^ , 



Wa {Sl,ni) ■ Wa {Pl,h) ■ Wa 



Pi h 



■Wo 



Si ni 



E TTl. 



By choosing si — r, ni — m, pi — rt and ^i = toN {t), by Lemma 2.18 of |6|, the 
above is equal to Wa {r, rn) ■ Wa {r' , ra) 
By Proposition mH 

~ I \ ~ t - T^T r \\ ~ f \-i ~ ( vi ■ m} N (to) \ 
Wa {r, m) ■ Wa [rt, m N {t)) ■ Wa {r, to) ^ Wa [ — „ ... _ , ^ttttt - 
^ ' \mN {t) ■ m mbi {t) J 

~ , . ^ (rt y^ ^ 1 . / r{t/t) ■ w? NM\ 

Wa(r,TO)-Wa — ,TO ■Wa{r,m) = Wa [ = , • 

\ t J \ m ■ m m J 



Hence, 



Wa {r, TO,) • Wa (?"', rn) 
= Wa {r, rn) ■ Wa {rt, m N (t)) • Wa ( — ,rn\ 



t'N(i) 



rt-m^ N(to)\ ^ / r{t/t)-w? N(to)\ .^ , 

' Wa\ ^ — , \-Wa{r,m) 



m'N{t) -TO TON(i) 
r TO 



m ■ m TO 



n i'N(t);- 



Thus by (IT71) . 



(4.14) w„ (r, TO.) • Wq (r', to,) 



TTO 7TT, \ ~ / '"i"^ 



Wq (— r, m) ■ Wa 



t'N(t)^ 

As in Lemma 14.41 there are a few cases to consider. We may assume that 
(r, TO,) 7^ (r',TO,), otherwise there is nothing to prove; therefore to ^ fc^^Q. Also, 
t ^ k^ , since r ^ r' . We have already looked at the case where t € k^B^. Thus, 
there is only one last case. 

Let TO = a + 600 and t = c^ d9o, where a, d E k^ , c, d E k. We first consider 

_ / rm rn \ ~ f rtm 

w„ , — r^ • Wa , m 

\ trn'N{t)J \ tm' 
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By Lemma 14. 4[ 



rm m \ ^ I rtm 



(a/(N(0))^(l/(N(0)) c (-b/Nft))(d/N (t))gg' 

(d/(N(i)))2(N(m)/(N(i))2)02.N(i) + a/N(i) , ,,^ 

(d/(N(t)))(N(m)/(N(i)n 1 ^ 5/";, M 



a/(N(t)) 'NWA,„ V VN(i), 



5 ^ 



note that this is only vaHd if ac — hdO^ ^ (we will deal with the other case later 
in the proof). Hence 

_ / rm Til \ ~ f rtm 

a2N(t) ac~bd9l\ ( d^ {m) 1 \ c A /^ 1 



rf2N(m)02' aN(i) ;,„ V « 'N(i)A,„ V"VN(i) 

by (Eni). Similarly, for 

~ , —.-I ^ f r m 
Wa [-r,m) • Wq --, ■ 



t'N(t); ' 
Lemma 14.41 gives 



^ ( r m \ 

(4.16) Wa(-r,m)~ '^"l-^'^;^) 



a^N(0 ^^^MMA .f_^i^M,N(.)) ..(/..(N(t))). 



k.n 



d^ N (m) 6*2 
Using Km . BIB and (HTB . 

Wq (r, to) • Wq {r' , TO,) 

a2N(t) ac-6d6lg\ / rfN(m) 1 \ r /, / 1 



rf2N(TO)02' „N(i) A,,„ V « 'N(t)A,„''^r"VN(t) 

a^^it) ^^L«\ Y_^[EM,N(0) .5(/..(N(t))) 



d2 N (to) 0l 
We simplify the above using (|2.1ip and (|2.5p to get 

^ArM-^Ar'M ^ [-^p^^^\-^^) •N(t) 

\ / k.n 



dN(m) \ /I 



Thus by dTTTjl and (^1^ . 



Wq (r, TO,) • lUa (r', TO,) 



-1 



a2N(i) (ac~5d6i2)^\ / {ac-bdO^ 



2^ 



-1 / „2.T..r •(-i^N(i)), 



d2N (771)6*2' a'^^d) I I ' a2N(t) 

^ / fc,n \ / fc,n 
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By using (|2.1ip and the fact that (-1, s^)^ ^ = 1 for all s e fc'* by (|4.ip . we finally 
get 



-1 



Wa{r,m) ■ Wa {r' ,m) = 



a^ N {t) {ac - hdOl) 



2^ 



\ / k,n 



If ac — bdO^ = 0, we may instead use the above for 

Wa {r' , m) ■ Wa {r, m) 

This would imply that since 

r _t _T 

where t' — t — c — dO^ , replacing t by t' would give 



Wa {t\ m) ■ Wa [r, m) = I 



_1 / a IN yL j yLits — uy — lijuqJ 

k' 



a^ N {t) {ac-b{-d)elf 

(-d)2 N (m) 6*2 ' a? N (i) 

a2 N {t) {ac + bdelf \ 
,d2N(m)02' „2N(i) j^_^ 

Therefore, 

Wq (r, m) • Wq (r', m) = Wa {t' , ra) ■ Wa (r, m) 

a2 N jt) {ac + hd9lf 
d2 N (m) 6*2 ' a2 N (i) / ^^ ^ 

(ac + 6d0^)2 a2N(i) 



a2N(i) 'd2N(m)02;^,_^ 
by ((2l2)) . n 

4.3. A slightly more general result 

Now that we have established a few lemmas, we can work on ba (A, /x) for the 
cases where both A, /i ^ k^ . 

Lemma 4.6. For all X ^ k^ , 

foo(A,A-i)-(-l,N(A)),_„. 
Proof. We know by Proposition [27T] that A = (5i (A) /52 (A). Thus, 



;^-l _ ^2 (A) _ 5, (A) 



5i (A) N (A) 52 (A) 



This implies that 5i [\-^) = 5i (A) and 82 (A^i) = N (A) Ja (A). Hence, by 
and (EH), 

64A,A-i)=(5(/i„(A)).(5(/i4A-i)) 

= 7l5, (1, Ji (A)) • 7l5, (0,<52 (A))-' • Wa (1,^1 (A)) 

•iI5„(0,N(A)MA))~\ 
By Proposition l2.41 

Wa (0, ^2 (A))-' • Wa (l, MAJ) - ^a (l,^^^) ' ^a (o, ^^-J^^ 
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which imphes that 

ba (A, A"^) = Wa {I, Si (A)) • Wa f 1, 5i (A)j ■ WaiO, . , .-. 

•iI5„(0,N(A)MA))~' 

= wo.{i,Siix))-wa.i-i,Siix)y\ 

So by Lemma [131 

.,(A,A-).(-l,-ii<^) , 

V ^0 / k,n 

Also, for s e fc^, (-1,5^)^^ = 1 by (|4.ip . hence 

"^'"N(<52(A))j,^„~^' 



which imphes, using (j2.1ip . that 



N(<5i(A))\ / ^ 02 



= (-l-N(A)),^„. n 

Lemma 4.7. For all A, H ^ k^ , qi, q2 (^ k^ , 



6a (A, /i) = 6a(Agi,/ig2) ■ r-7TV^'9i ■ a(9i,92, A,/^), 

w/iere 

'<52(Aa*) 



r , N ,9192 , if Xfi^ k^; 

a{q,,q,^X,^^) = {)^'\ ^^'^ 

,<?i<72) , ifX^ek"^. 



Xii52 (m) ' y fc 

Proof. We have, by (P3]) and ((^ . 

&„ (A, Ai) = (5 (/ia (A)) • S {K (/i)) • -5 {K (Am))"' 

= Wq (1, 5i (A)) • Wa (0, (52 (A))" • Wq (1, (5i (/i)) • Wq (0, 52 Oj.)y 
■ Wa (0, S2 (A^)) • iuq iviX^i), Si {X^i)y^ , 

where the function y is as defined in (I2.ip . Since by Proposition [531 

Wa (1, Ji (a^))"' ■ Wa (0, ^2 (A))"' • Wa (1, (^l (m)) = Wq ( 0, j , 

the equation for ba (A, /i) becomes 

(4.17) ba (A, A*) = Wa (1, Si (A)) • Wa (1, Si (fl)) • Wa ( 0, 



N(<5i(m)) \ 



'52(A) ; 

■Wa{0,S2{^J.)y -Wa (0,(^2 (A/i)) • Wa (2/(A/i),(5l (A^))" . 
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Now, for any qi, q2 G k^, by (P^ . 



wc. { 0, ^^1%^) • ^" (0, ^2 (m))"' • ^a (0, 62 (X^i)) 



■WalO, 
= WaiO 



52 (Am) 
9192 
N(<5i(m)) 
' <52(A) 



~ (i^ ^^^^'A ~ fn 91M1MV' 
u;q(0, ^o)~ -Wq (0,6*0) ■■Sa (0,(^2 (m))" 

'52(Am)\"' 



Wa (0,(52 (A/i)) • Wq (0,6*0) -Wa (0,6*0) 



Wq 0, 



• Wq ( 

(5 f ha 
■ S { ha 



92 

N(5i(M)) 



S2 (A) 00 
91 



Wa (0, 6*0) • t«Q (0, 6*0) 

S2 (a*) 



92^0 yy 



S{h. 

6 ha 



'0 

926*0 



Wa 0, 



^U 



6 ha 



91 92 



gi N(Ji(M)) 

(52(A) 

S2(M\ 

Oo J 

qi^iSiip)) 



62 (A) ( 



We fin<i by using (|i?^ that 



^a fo, ^-J^^^ ■ ^a (0, (52 (p))-' ■ Wa (0, <52 (A^*)) 

~ ("oMMV' ~ /'n'^2(A^)\ . / (?iN(,5i(A.))^-^ 

• Wa 0, • Wa 0, • Wa 0, 



91 92 

= 5 ( /Iq 



92 

N (^1 (/i)) 
(52 (A) 00 



(52(A) 



(5 Ua - 



-52 (a*) 



M/Ja(-1))" 



^<""(^))-K'-(-ff0)) -"•"'-»-] 



• (5 /la 



926*0 



(5 U, 



9iN((5i(m)) 
(52 (A) 00 
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Since by Remark |4. 11 6 {ha (—1)) commutes with S {ha (s)), s E k^ , 



'Ja f 0, ] ■ Wa (0, 62 {fi)) ^ ■ Wa (0, 82 (A^)) 
• Wa 0, ■ Wa 0, • Wa 0, ' 



91 92 



5\h. 



N(^i(/i)) 
<52(A)0o 



92 



(5 /la 



<5 hr, 



/■"^l (m) 

" <52 (A) 



n ^2(a^) 

5(/.a(MM) 



^2 (A) 
5\h, 



M^i (m) 
" ^2 (A) 



^(5i (^)52 (A^) 



<52 (A) 00 



5 /in 



^(5i {^)52 {\ij) 
62 (A) 00 



■^"•i-ffH) 



• <5 /la 



• (5 /la 



/ qiq2fJ.Si (/i) 
1^ '52(A) ^ 

giN(^i(M)) 
<52 (A) 00 



qiq2fJ-Si {fi) 

S2{X) 

52 (m) 

9200 



<5(/ia(-l))"'-<5(/ia(-l))"'; 



(5 /la 



•(5 /la 



and so by (P3)) . 



Wa ('O, ^^^7^) • Wa (0, ^2 (m))'' • Wa (0, <52 (Aa^)) 
Wa 0, ■ Wa 0, • lUa 0, 



91 92 

N(<5i(a*)) ^0 



92 



<52(A) 



^^6l (^) (52 (A/i) 



52(A) 00 ' <52(/i);,„ I 52(A) ' 00 



k,n 



/i(5i {^1)82 (A/i) 919200 \ / 9i92Ai5i (/i) ^2 (m) 



I ^2 (A) 00 ' 52 (Aa*) / I 52 (A) ' 9200 / 

Hence it is a matter of simplifying using (|2.1ip , (|2.12p and fj2.13p to get 



(-i,-i)^L- 



5a U ^-j40) ■ ^o. (0, 52 {p))-' ■ Wa (0, ^2 (A^^)) 



■Wa [0, 



91 92 



• Wa 



52 (A^) 



92 



• Wa 



9iN(5i(Ai))\ ' 



52(A) 



/*Mm)92 
52(A) 



,91 



k,n 



52 (A/i) 
c . X ,9192 

52 (/*) / k,n 
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Therefore, 



Wo. { 0, ^^^^ ) • Wa. (0, 62 ifl))-' ■ Wa. (0, 6^ (X^l)) 



(52(A) 

hix) 



-,9i 



k.n 



,(7192 • Wq 0, 



S2{fl) 



k.n 



62 w 



• Wa 0, • Wq 0, 



92 / V 9i92 

Replacing the above in (|4.17p gives 

ha (A,/x) = Wa (l,(5i (A)) • Wa (1,^1 (/^)) 

'(52 (Am) 



mMm)92 

<52(A) 



.fjl 



'^2 (/^) / fe 

<52(AAi) 



^ giN(,5i(/i)) ^ ^ / <52 (m) 



<52(A) 



■'^a(y(A/i),(5i (A/^)) , 



92 



• Wq 0, 

V 91 92 

and since by Proposition 12.41 



~ n X ( \\ ~ (n 'ii^JMMh ~ (n '^2(A)\-^ ~ (^ , ( ^^ 

Wa (1, dl (/i)) • ICa ( 0, J— r;^; I = Wa I 0, I • W^ (1, di [fi]) , 



S2W 

using this in the equation above gives 



ba{X,n) 



fJ-^i {p)q2 



\ S2 (A) 

■Wa f 0, 
• Wq 0, 



-,9il 

k.7i 

S2{x)Y' 



. / ^ ,9192 •■u;a(l,di (A)) 

^2 iN J k.n 



91 
^52 (Aa^) 
91 92 



Wa {I, Si (m)) -WaiO, 



S2{^^)V' 



92 



■Wa{y{Xfj.),6i {Xfi)y 



By g3]) and gJH), 



, .^ X / fJ-Si (m)92 



^2 (Am) \ ~ /I X M ^^ 

r / N , 91 92 ■Wa{l,di(Xqi)) 

'^2 M / fc,„ 



■ Wq (0, ^2 (Xqi)) ■ Wa (1, (5i (^92)) ■ Wa (0, ^2 (M92)) 

■WaiO, — I • Wa {y{X^j.),Si (A/x))~^ , 

V 9i92 / 

and using (I2.4p on the right-hand side gives 
^J,Sl{^J,)q2 \ /^2(Am) 



ba (A, /i) 



-,9i 



V '52 (A) 

■Waio, — I ■ Wa {y{Xn),5i {Xn)y^ 

\ 9i92 / 



. , N ,9l92 ■ S {ha (Xqi)) ■ S {ha {p-q2)) 

^2 (m) / fe,„ 
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By g3]), dm), Proposition [O and (gH), 



Wa 0, 



91 92 



■Wa {y{XfJ,),6i (A/i))" 



Wa (0, 62 {\nq1q2)) ■ Wa (1, 5i (A^qig2)) , if A^ ^ fc^ 

if A/i e /c^ 



9192 



Wa ( 0, — ^ I • Wa (0, A/Li6'o) 



if A/i ^ k^ 



5 [ha {\m1q2)) , 

S { ha { —]] ■ S {ha {X^i)y\ ifA/iGfcX. 



91 92 



So if A/i <^ fc'^, 



•(5(/iq {XfJ.qiq2)) 



^ [_mMm)_92 
^ -^2 (A) 

by (123]). If A/iG A:><, 

M'^i (m)92 



,91 



k.n 
-1 



k.n 



ba (A, /i) 



-,9i 



<^2(A) 

/ K.n 

5 [ha {\mi<l2)y ■ (5 (/iq (A/i(7iq2)) 
• (5(/iq (A/i))" , 



^ . s , 91 92 ) ■ S (ha (Xqi)) ■ 6 {ha {pq2)) 

S2{^^) Jk,n 



^2 (A/i A 

. . s , 9i92 • Oq (Agi, /ig2) 

-^2 M yfc,„ 



^ / N ,91 92 I ■ S {ha {Xqi)) ■ S {ha {fiq2)) 
^2 (m) / fe,„ 



S h. 



91 92 



and since by Proposition 12. 1[ S2 (A/i) = 6*0, this shows by using (|2.5p that 
6q (A,/t) = 



A^f^i {^J')q2 



S2{X) 



A/i9i92, 



,91 



1 



r / N ,gig2 ■ba{Xqi,fiq2) 

O2 {M J k,n 



1112 J k 



Thus, 



ba (A, /t) 



M-^l (/^)92 



,91 



T-^—;^,9i92 ■ba{Xqi,nq2) 

A/U<52 (/^) J k,n 



S2 (A) 

by (|2.12p , (|2.13l) and (|2.1ip . Therefore we have proven our result 
Proposition 4.8. For X ^ k^ , q £ k^ , 



D 



64A,A-ig) = (-l,N(A)),,„.U^,, 



Proof. This is easily proved using Lemmas 14.61 and HTfl 
By Lemma 14.61 

64A,A-i) = (-l,N(A)),^„, 
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and by Lemma 14.71 



Hence, 



\ / fc,n 

Op 1 ^ 

AA-M2(A-i)' 'V,^- 



b^ (A, X-'q) = (-1, N (A)),,„ . [-^^^y l) 



k,n 



By the proof of Lemma [4^ S2 (A ^) = N (A) S2 (A). The right-hand side becomes 
and so 



&.(A,A-^,)=(-l,N(A)),,„. -^,g 

\ / k,n 

by (gH), since A = (5i(A)/(S2(A). D 

Remark 4.9. Proposition 14.81 shows that for A, /i ^ k^ such that A/i e fc^, 



6„(A,a.) = (-1,N(A)),^„.(-^^,Aa.J . 

\ / k,n 

Therefore we may assume that A, /i, Xji ^ k^ for the last section. 

4.4. The most general case 

Before we can calculate ha {X, fi) for X, fi, Xfi ^ k^ , we must first calculate the 
commutator of the 2-cocycle cr„ on T{k). 

Let us define what a commutator is. Let cr be a 2-cocycle on an abelian group 
T with values in fi„- Then the commutator of a is defined by 

[x,y] ^(j{x,y)/(T{y,x), 

where x, y d T. The commutator of a is both bimultiplicative, i.e. for x, x' , y, 

[xx',y] = [x,y][x',y] and [x,yy'] = [x,y][x,y']; 

and skew-symmetric, i.e. 

[a;, x] = 1. 

These are the standard properties of the commutator of a. The commutator of a 
depends only on the cohomology class of a, and if T is a locally compact topological 
group and cr is measurable then the commutator of a is continuous. 

Lemma 4.10. Let A, /i G K^ , and the commutator of the 2-cocycle Uu on T{k) be 

[^' ^],„ = ""l^i^l'^i^ii = 6 [ha {X))-S {ha (m)) • 5 (ha (X))-' ■ S {ha M)-' . 

o-« [ha (m) ^n-a (A)) 
Then 
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Proof. We first assume that K ~ k (B k, i.e. K/k is a split extension. In this 
case, SU(2,l)(fc) ~ SL3(fc). Let A = (Ai,A2) and ^ — (/^i,/X2), where A, ^ e K'' . 
The isomorphism on T{k) may be described by 

( /x 0^ 

r(fc) = M y 0\ eSLaik): x,y,zek'',xyz^l 
[\0 zj 

^A _0 \ /Ai 

A/A h^ A2/A1 
,0 A"7 \0 ^^\ 

It has been established in Section 0.1 of [Sj that the commutator of the 2- 
cocycle a' E i/^(SL3,/i(fc)) on the diagonal elements of SL3(fc) may be described 
as 

''hi 0\ /h[ 0' 
cr' I I /i2 0,0 h'2 



hsj \0 /i^^ 




= (/^l,/^'lK„-(/i2,/i^),,„-(/l3,/^:i)fc,„. 



'hi 

/l2 
hy 

Since a' differs from au by at most a 1-coboundary, this implies that we may use 
the above equation to calculate [A, fi\a-^ in the case where K/k is a split extension. 
Thus 

[A,M]<t„ = (Al,Ail)fc^„- (A2/Ai,^2//il)fe^2 • {K\^^2^)k,n■ 

By (mri) and gU, 

• (A2,M2)fe,„ 

r 1^ r 

= (Ai,/^i)fe,„-(A2,Ai2)fc^„J ■ [(Ai,Ai2)fe,„-(A2,Aii)fe,„ 
Let us define (as in the Introduction) 

(A, M)x,n = (Al, Ml)fc,„ • (A2, M2)fc,„ • 

Since JI = (/12,/ii), this implies that 

[A,m]<t„ = (A,M)^,n- (A,m)^V 

We want to show that the above equation holds for all quadratic extensions 
K/k. In order to do so, we first assume that tt is the prime element of K and 
that n is coprime to tt. By the properties of the commutator of the 2-cocycle, the 
commutator of the 2-cocycle cr„ on the torus is a map 

When TT does not divide n, this means that 

K>'/{K'')" = Z/n®Z/n, 

and therefore 

/\\KX/{K-r)=Z/n, 

which is generated by the element qAtt, where a is a generator for {Ok/t^)^ /n. In 
particular, a is a unit. Thus, [— , — ]cr„ is determined by [a,7r]o.„, and we only need 
to check first that 
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and second that the right hand side of this equation is bimultiphcative and skew- 
symmetric. We will demonstrate the bimultiplicativity and skew-symmetry at the 
end of this proof. 

For X, fj. e K^ , we have by (12.51) that 



[A, ^iU^ - s {ho. (A)) • s {ho. {^^)) ■ s {ho, {X))-^ ■ 6 {ho. {^^)y' 

By Proposition [531 

s{ho,{x))-s{ho.{fi))-s{ho.{x)y' 



Wa (y(A), (5i (A)) ■Wa[0, 62 (A) • Wa {y{^J■), Si (/i)) • Wq 0, 62 (m) 



io.{y{X),Si{X))-Wo.{o,d2{X)^ 
'y{^i)'s7{X)Si{Xf <5i(a*)N(5i(A))^ 



Wa 0, 



52{^i)N{Sl{X)) 
N(^2(A)) 



"V S2{XfS,{X) ' N(J2(A)) 
where y is defined as in (|2.ip . and hence 

5{ho.{x))-s{ho.{fi))-s{ho.{x)y' 

= Wo. l'^^, N (A) 6i {(,)] ■ Wo. (0, N (A) 52 {^i)r^ . 

Therefore, if A ^ fc^ , /i € fc^ , then y{fi) ~ 0, hence by the above, 

[A, A*].„ = Wa (0, N (A) ,5i {fi)) ■ Wo. (0, N (A) 62 (m))"' • S {h^ {p)y' . 
By Proposition 12. 1[ Si {^) = fi9o and 62 (m) — ^o- Hence by (|2.4p . 
[A, m].„ = ^a (0, N (A) (160) ■ Wo. (0, N (A) Oor^ ■ S {h^ {^i)y' 

= Wa (0, N (A) tl0o) ■ [wa (0, 9or^ ■ Wa (0, ^o)] ' Wa (0, N (A) ^o)"' 

■S{ha {^J-)y^ 

= S {ha (N (A) /x)) • <5 {ha (N (A)))-' • <5 {ha {fi)y' . 
This implies by (1^ that 

[A,^].„-(a*,N(A))-^:,; 
hence by (|i?T|) and ^J^, 

[A,/i],„ = (N(A),Ai)fe,„. 

In the case where K/k is an unramified extension, we may take tt € k. So 
assuming that K/k is an unramified extension and that n is coprime to n, we have 

[a, 7r]<,„ = (N (a) , 7r)j._„ . 

Hence by the above and (13. 9p . 

[a,7r]^„ = (a,7r)^„ == (a,7r)^„ • (a,7r)^^„ = (a,7r)^„ • (a,7f)^^„, 

and hence for all unramified extensions K/k with tt coprime to n. 

We now use the product formula to show that the above is true for all quadratic 
extensions K/k. We will need to use the adele group (see Subsection II. 4. 3p . We 
define some notation. Let L/l D /i„ be a global quadratic extension. Let p be 



4.4. THE MOST GENERAL CASE 59 

a prime of ^, Ip the localisation oi I at p, and just as in Subsection 11.4.31 let 
Lf, = Ip 0/ L, i.e. 

{lp{do), if pOl does not split in Oi; 
IpQlp, if pOl splits in Ol- 

Now let (Tp G H^{G{lp), /i„) such that (Tp = (7^ when k = Ip and K = Lp. Then for 
almost all primes p of ^, we know that for A, /i e Lp , 

We also know that since J| crp splits on G(/), if A, /i G L^ , then 
In addition, by the product formula (Theorem 13. 2p . for X, fi E L'^ , 

n((^'/^)i,n-(^'M)z,\„)=i- 

p 

Now choose a prime p that is not unramified and coprime to n, and also not 
split. Let A, /i G Lp , and choose A', /i' G L^ close to A and /i respectively such 
that 

[x,^,],^ = [x',^^%^, (A,M)i,., • (a,m)z,\„ - (A',A^')i,.„ • (a',7)z',„; 

and such that A', /i' are close to 1 in Lq for all other primes q which are not 
unramified and coprime to n and also not split, i.e. 

[A',A.']., =l = (A',M')i„„-(A',7)Z,\„. 
Then by the product formula, 

ix',„%,n ■ (A',7)z,\„ = n ((-^''/^')i„,„ • (A',7)i:.„)"' 
=n((^''A*')i„„-(A',7)z,\„)"' 

q 

q 

D#p 

= [A',M'k. 

The above implies that for all local quadratic extensions K/k, A, /i G X^, we 
have 

but as stated earlier, we should show that the map (A,/i) i-^ (A,m);^„ • (A,/!);^ „ 

A 2 
(i4r^/(i4r^)") ^- /!„. Thus, we need to show that the map is 

bimultiplicative and skew-symmetric. 

It is trivial to show that the map is bimultiplicative. To show skew-symmetry, 
we first note that by (|2.13p . 

and by gT|), 



(A,A)^,„ = (A,-1)^,„; 



(A,-l)L. = (A,(-in^,„ = l. 
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Now assume that Tr (A) = 0. Then A = -A, and by (EUS]), 

(A,A)^„ = (A,-A)^,„ = 1. 

Hence in this case, (A, A)^ „ • (A, A)^ ^^ = 1. 

As for the case where Tr (A) 7^ 0, let A — sA', where s ^ k^ and Tr (A') — 1. 
Then A^ = 1 - A', and hence by (piD) . 

(A, A)^ „ = {sX', s{l - A'))^,„ = (.s, .)^.„ • (5, 1 - A')k,„ • (A', .)^,„ • (V, 1 - A')k,„ • 

By dHa), (pj[a and (IXTil) . 

(A, A)^_„ = (^,-1)k,„ • («> A^)^,„ • {^^^'-')k,u ■ 1; 
and by (PUJ) . 



(^'^)k,„ y-' ;, 



A'^ 



Hence by (pISj) . 

(\J) ^ ( s N ( - 



fc,n 



Therefore (A, A)^„ • (A, A)^^^ = 1 in this case as well, i.e. the map (A,^) ^->■ 
(A,/x)^j^ • {X,'p)j^^ is skew-symmetric and hence the formula for the commutator 
on the torus is indeed [A, /ijo-^ = (A, ^i)j^ „ • (A, /l)/^ „. □ 

We are now ready to find the explicit formula for 6^ (A, /i), with A, /i, A/i ^ /c^ . 
Proposition 4.11. For \, jj, ^ k^ such that A// ^ A;^, 



where, if X = a + bOo, fi = c + dOo, with a, c Cz k, h, d Cz k^ , 

be 
g = a+-, 

and 

N(A) (N(A))26X' 

S'(A,A^) = < 



A 2^j fx t w ff \ U2a2\i ] ' «/A^ fc^6lo, ag7^N(A); 

(^(^))^^^^o ^(^) ^ , ,xik^e.,a,.nix); 



{{a~q)a + b^elY' 4a2 N (<5i (/.)); ,„ 

1, ifXek^'Oo. 

Proof. This proof will follow closely the methods used in Section 2.29 of [6]. 
For some {pi,h), {ri,mi) G A, tj e K^ , i = l,2, 3, define 

92{{Pi,k),ti,{ri,mi)) = x^ (Ptji) ■ h^ {ti) ■ Wa (0,6*0) ■ x^ in,mi), 

and let 

e* = g2{{Pi,h),ti,{ri,mi)). 

We will consider the case when {rj,mj) ^ (— pj+i,Ij+i), j — 1, 2. For any 
{p', I'), {r' ,m') G A, let (p', Z') o (r', m') be defined as the element (s', n') G A such 
that Xa (s',n') = Xa {p',l')-Xa {r',m'), i.e. {p' ,l')o{r' ,m') = {p' + r' ,1' + m' -p'r'). 
(Clearly the operation is associative.) 

As a first step, we let 

(ri,mi) o (p2,^2) = {si,ni). 
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Then, 



(5(ei) • 6(62) = Xa (piji) ■ 6 {ha (ti)) • Wa (0, 6*0) • Xa (si, rii) • 6 {ha (^2)) 
• Wa (0,6*0) • Xa (r-2,m2). 



By Proposition [mi 

Wa (0, 6*0) ■ Xa (Sl, rii) • Wa (0, 6*0)" = X-c 

This iinphes that 

(5(ei) • (5(e2) = Xa {pi,h) ■ S {ha (ii)) • x^c 



£1 _ni 
00 ' eg 



S {ha (^2)) • Wa (0, 0o) • Sq {r2, m2) ■ 



Wa (0,6*0) 



By Proposition [mi again, 



•si^o 6^0 \ _ ~ / '^i^o fo 



Xa 



fi _!!i 






111 n\ J \ n\ n\ 

Hence inserting the above into our equation, 

&{ex)- ^{e2)=Xa{v\,h)- ^{ha{t\))-Xa\^^, ^ I ■ w, ' ^° 



n\ n\ 



n\ n\ 



• 5?a ( ^^, -^ ) • ^a (0, 0o) • ^ {ha (^2)) ' ^a (0, ^o) 

V "1 "-1/ 

■ Xa (?'2,TO2)- 

By Proposition 12. 4[ for arbitrary {r,m), {r',m'), {p',l') G A, 

[wa {r, m) ■ Wa {r', m')] ■ Xa {p' , I') ■ [wa {r, m) ■ Wa {r', m')] 
^ fp'-m/ I' \ ^ 1 

= ^" (^' "^) • ^-^ K)^' NK) J ■ """ ^'' ™^ 

_ f p' ■ m' m^ I' 

= Xa ^ — • , — : r • N (m) 

V (m')2 m ' N (to') ^ ^ 

therefore by the above, ((^ and (|i?71) . 



<5 (/la (il)) ■Xa('-^,~^]-5 {ha (^l))"' 
Wa {y{tl),Si (ti)) • Wa (0, 52 {h))^ 

Wa {y{ti),Si (ti)) • Wa (0, ^2 {ti))' 
Wa {y{tl),Si {ti)) -Wa (0,52 (il)j 

5q (y(ii), ^1 (ii)) ■ Wq (0, (52 (ii) 
sitf^o N(ii)02 



71]" ' ni 






niii 



ni 
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where y is as defined in (|2.ip . Also by the same method, 
[w^ (0, ^o) • 5 {K (i2)) • Wc (0, e^)]-^ ■ x^ I ''^° ^° 



ni ni 



[7S,(O,0o)-'5(/la(i2))-?i;a(O,M 



^a (0, -0o) • Wa (0, (52 (i2)) • wa [-y{t2),Si (ti)) • W„ (0, -0o) 






Wa (0, -6*0) • Wq (0, ^2 (^2)) • Wa "Vih), Si (ti) 



Wa (0,-6*0) 



[Wa (0, -6*0) • Wa (0, ^2 (^2))] ' X^ 



n0O -('^l(*2)) 02 N((5i(f2)) 



■Sl{Slit2)) S2{t2)0o N((5i(t2)) -0o' 






m N(<52(i2)) 



\ nii2 ni 

Using these in the equation for ^(ei) • 5(e2), 

'sitjeo N(ti)02 



(4.18) 5{ei) ■ S{e2) ^ XaipiJi) ■ Xo 



ntti 



Til 



Siha^ih)) 



Wo 



'^,-^ ) • Wc (O,0o) • ^(/ia (i2)) • Wa (0, ^o) 
Til Til' 



gi(t2)^eo N{t2)9^o \ ^ , . 

■ x„ I ■ , I • Xa \r2,m2) . 



Tilt 



1'.2 



ni 



Also, since the above applies also in the group G(fc) with the corresponding 
group elements, and 



Wa 



Til 111 



'^^1 -= ■ Wa (0, ^o) ^ ha\ ^ 



"1 



this implies that 



, , . fsjqOo N(tiK\ fht29o\ ,_ „ , 

6162 = Xa [Pl,h) -Xa — , ] -ha [ • Wa (0,6*0) 

V niti ni J \ ni ' 

siih)^9o Nit2)0l \ , , 

■ Xa I : , I ■ Xa {r2,m2) ; 



I.e. 



(4.19) 



6162 = 52 



"1*2 



(Pl,'l 



ni 



sitldo N(ti)02X ^^^^0^ 



riiti ni 

Sl(t;)20O ^{t2)0^ 



n-it 



lt2 



ni 



o (r2,m2) 



Let A = a + bOo, with a £ k, b E k^ . Define 



-=^^(^^ = -^2^' -' = ''^^'^--2k- 
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If A G k^Oo, then rii E k^ . As we will see later, this implies that there are two 
cases to consider. 

Let ts = n'/6o, t^^ = ^2 = ni/Oo- Choose (ri,mi), {p2,r2) G A such that 

(ri,mi) o {p2,l2) = (l,ni), 
which is always possible. Also, choose (r2,m2) and (^3,^3) G A such that 

(r2,TO2)o (P3,^3) = (0,n'). 
Then by (jilB . 

6162 = 32 [PiJi) o 1, ^z= , =, 



Til o (r2,m2) 



6263 =52 (P2,^2) O 



4^j,^,(0,nOo(.3,™3)j 



Let 





2 '"1 


(?'2,"l2) 


so that 




an( 


ilet 





(PaJa) 



iW? _ 



[Wf 



,771 o(0,n') = (-^^,n") 



(ri,TOi) o 



n" = rr[+n' ^ 0; 
(p2,/2)o(0,^)]=(l,n,)o(0,^)^(l,n"'), 



so that 



n' 



This implies that by (I4TT9)) . 



6162 ■ 63 = 92 



(Pi,'i 



2 ' 2- 



nf nfni/ \nin" ' N(ni)T7,"y ' TTTn" ' 
(nr)2n' N(n') 



nin" ' n" 



(?'3,»7i3) 



ei • 6263 = 92 



(Pi,'i) 



-,91 e^. 



nln'"'' N(ni)n"7 ' n 



I — 7771 



{W? N(ni) 



o (0,n') o (r3,m3) 



Since for all 9, g' £ G{k), 

Ou{g,g')^5{g)-5{g')-5{gg')-\ 

we will work out Uu (ei, 62), CTu (eie2, 63), CTu (e2, 63) and cr„ (ei, 6263) and use the 
2-cocycle condition to get our result. 

We first assume that X ^ k^Oo, so that ni ^ k^ . Firstly, by (J4.18I) . 



S{ei) ■ 6(62) = Xa (piJi) ■ Xo 



% ot 



9 ' 9 



S h 



ni 



Wo 



_2. "^0 



Wa{O,0o) ■ S [ha [ ^]] ■ Wa (0, 6*0) • Xa ( 1" > '^1 



• Xa (7-2, 7712) 

Consider (using (j4.7p ') 









rii 7ii 
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By Lemma [4.41 



Wa {l,ni) -Wa 



Qg dp 
111' Wi 






(-1/2)2 N(ni/0o) „ (a/(260^))(i/(202))g2 



(l/(202))2N(ni)0§' 2602 



92 , 

^0/ fc.n 



-1/2 VPO//fe,„ 

N(ni) N(ni) \ 

02 ' 02 ) 

"^0 '^O / k,n 



■sfh 



1/2 /fe 

N(ni) 



02 



and hence by (I2.13p . 



Wa (1, Hi) • Wq ( -^, -^ ) = (5 ( /in 

"1 nij 



N(ni) 



(Note that the calculation of 

~ / 00 ^0 \ ~ /I ^-l 
\ m nij 






Wa (-l,7ii) 



is unsuitable as it gives gi = in Lemma 14^ ) Hence 



(4.20) ^„(_^,_^)=<5[/,„[- 



N(ni) 



Wa (l,"-l): 



and this clearly applies to any ni G 61 {K^) with rti ^ /c^. By our previous 
calculations in this proof, we have 



(4.21) <Ju{ei,e2) = Xa{pi,li) -Xo 



^ ^0 
2 ' 2 — 



(5 U, 



711 



Wo 



% ol 



- = ,-= •Wa(O,0o)-J /l„ 

ni ni / 



■5[ha["^^ 



^0 ^0 



2 ' 2' 



^ •a;Q(pi,/i)" 



Applying (|i?^ to the above, 
CTt, (ei, 62) = Sq (pi, ^i) • Xa 






"(""( ^2 — )) •^i'a(l,?^l) 



Wa (O,0o) •'5 Ula 7- 



ni 



-Mvi- 



— ,^^ -XaijiiJi) ; 

1| Tlfni/ 



and since i7„ {g,g') is central in G, the first two terms must cancel the last two 
terms, giving 

-1 

• Wa (l,n-i) -Wa (O,0o) 



CTu (ei, 62) = ^ [ha [ —]] ■ S iha i -T^ 



■S h 



ni 



S h, 



ni 
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By63D, 



• Wa {l,ni) -Wa (0,-6*0) 



d h 



ni 



6 h 



Til 



which implies by (I2.4p that 
o-u (61,62) = (5 ( /iq 



711 



^ U, 



N(ni) 



<5 U, 



rii 
00 



•M/^^i^))-^/^.!! 



We have by ^^ that 



1.8. 



^ u, 



fc'5 "^1 

N(ni 

''O 



fl2 



-5 ( /i« ( -^ 



•M/^.(^))-'5[/..[-^ 



N(ni) 9o\-' 



91 -^W) -'['-[W 



Replacing the above in the equation for au {ei, 62), 



o-u (61,62) ^ S [h 



Til 



N(ni) 00 



92 'rn 



5 U, 



ni 



•M/^.(^))-'5[/^.[| 



Using the notation in Lemma 14.101 

0-„ (61,62) = Oa ^2 ,^ • C) n-Q 



^(/..(^])-^(/^J^ 



thus by (P3t . 

«■„ (61,62) = 6q 
By Lemma HTTUl 



N(ni) _^ 
^o' 'W 



ni 
nT' 6*0 



^0 m 
, ni 



..(/..(- 



<5 ( /!„ ( ^ 



N(ni 



0^ 



6 "1 






00 


ni' 




/0o 


m^ 


9 


/0O 


"1 


nT 


Oo\ 


Cu 


V"T 


00. 


' K,n 


\nr' 


00 






K,n 



Using the properties of Hilbert symbols, by p.l3|) . 



«o n]_ 
"1' ^o/k,. 



"T' 00 00 /if, 
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and by dSS]) and ^J^, 






Til 



ni^Kn^"^ 



0//fe 



N 



Til 



,-1 



Therefore by (|i?T|) . 






N(— ,(-1)2 
"1 / / fc, 



1. 



Also by (Pl^ . 



Hence, we have 






Wo "4 

rTT' Oq 



= 1. 



By Proposition |421 



, N(ni) _^ 



N(ni) (0o/nr)<5i (0o/«T) 



N(ni) 



92 ' , 
^0 / fc ■ 



= 1. 



k.n 



Thus, 



Cm (61,62) = ba 



"1 ' ^0 



Using (I4.18P also gives 



CTu (6162, 63) = [^(6162) • (5(63)] • 5(ei62 • 63) ^ 



Xa (Pljl) ■ Xa 



■*l""l = 



'S «s 



2 ' 2 



7iin"'N(ni)n" 



<^,-||p<(o.«.M/=.|^ 



5 /Iq 



n'^o 



nin" 



' nf nfni 



"V«i^'N(ni)n^ 
and since (j„ (6162, 63) is a central element of G, 



(4.22) a„(6i62,e3)= 5(/ia( ^ 



^ U, 






70 



(5/1, 



nin 
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Consider 



\ n\n" ' n" 



Wa 



do Ol \ 






71"' n" J 






" V nln" ' n" J 


■ Wa 


fmoo el 

\nin"' n" 


\nin" n" J 


■Wa 


^9o eiy 

V n" ' ?i" / 



By Lemma [4.51 it is obvious that 



Wa I r==^,-== I -Wo 

nfn" Tj 






,n" 



so this imphes that 



Wf> I „-^ ,-== I -Wo 






ni^o 



q2 \ / fl fl2 



Hence, by Lemma [4.51 



wOo 91 \ ^ (Oo el\ 

nin" n" J \n" n" J 


-1 


(0oV(2N(n")))'N(rTT) 





(a/(2602))2N(_02/^„)02. 

((g§/(2 N K))) (-1/2) - (-(g ~ 1)/ (2&N (n"))) («/ (2&g^)) 0^)^ \ 

(02/(2 NK))fN(rTr) y,_„ 

fe"N(ni)gg ((a-l)a-b20g)2 \ 
a2N(n") ' 464N(ni)04 j ^^^ 

if (a — l)a — fe26'Q 7^ (we will deal with the case (a — l)a — b'^O^ = later). Since 
A = ni/n' and 71' = -l/{2b0o), 



fliUo t^o , 

W„ ^,-^ • Wn 



% ol'^ 



N(A) ((a -l)a- 626*2)2 



4a2 N {n") ' N (A) 626»2 



This implies that 



(«T)20o e, 



,2„// 



?0_ __^ 
7F7' TJi 



N(A) ((a -l)a- 6202)2 



4a2 N {n") ' N (A) 6202 ^ ^ 

N(A) ((a- l)a- 6202)4^ 



4a2N(n")' (N(A))26404 



by gH). 
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If (a - l)a - b'^e'i = 0, then by LemmaE^l 



n" n 



' {{ell {2 N K))) (-1/2) + (-(g - 1)1 {2b N jn"))) {a/ (26gg)) gg) 
(^oV(2NK)))'N(nr) 
(02/(2 NK)))'N(nr) \ 



(a/(260§))2N(-0§/;?O02y^^^ 

((a-l)a + 620g)2 b^N{ni)9l 
4b^N{ni)e^ ' a2N(n") /^„ 



Since A — ni/n' and n' = —l/{2b9o), 

WOo 0^\ ^ f9o 91 Y' ( {{a~l)a + b-'9lf N (A) 



Wo 



thus 



N(A)fe202 ' 4a2N(n");fe„ 



,'(w)^ ol\ ~ fOo el 

((a_l)a + b2g2)2 N(A) 

N (A) 6202 ' 4a2N(n")/fc_„ 
((a -l)a + 62^2)4 N(A) 



(N(A))26404 ' 4a2N(n")A,n 
by ()4.ip . Let ci denote the function 

N(A) ((a -l)a- 62^2)4 

I ri; 

ci(A) 



4a2N(n")' (N(A))26404 ^^^ 



((a -l)a + 5202)4 N(A) 



(N(A))26404 ' 4a2N(n")A, 
By (|i?71) and Lemma HJH 



if (a - l)a - fe26)2 =^0; 
if (a - l)a - 6261^ = 0. 






Wa(l,'^ ) • Wa ==,-== 

(-l/2)2(-N(n")/(02)) g-l (-(a - l)/(2b02))(_i/(2g2))g2 
(-l/(202))2N(n")02 ' 2b9l -^ -1/2 

(-1/(202)) N(n") N(n")^ . J f/,^ f^^ ("") 



/c.n 



-1/2 ' el A..„ V "V ^g 

if a 7^ 1. (Note that 

~ f 9o 9q\ _ „ 1 ^ f 9q 9q\ _ , _^ 

\n" n" / V ?! ^^ / 

gives gi = in Lemma [4. 4n This imphes that by (j2.13p . 



4.4. THE MOST GENERAL CASE 



I.e. 



(4.23) Wo, 



70 Cq 



N (n") 



92 ' 
^0 



-1 



5\k 



N (n") 



Wq (l,n") 



(by 611). 

If a = 1, then n" = -1/2. This imphes that by (|47)) and Lemma Ol 

S„ (%, -4) • ^o (1, n")-' = Wo. (-200, 20^) • Wo. f 1, -i' 



tlia (2^0,20^) '-Si, (-1,-i 



291 



,N(-20o) •<5(/ia(N(-20o))) 

(-2yo)t'o /fc„ 



so that 



Wo 



70 t7o 



(5(/i„(N(-20o))), 
= <5(/i4-402)).55„(^l,-0 



Thus, let C2 be the function 

_ N [n") 

C2(A) 



5{K{-Ael))-Wo.[l,-^^ 
This imphes that 



,-1) •'5^"(-^^)) -^0(1,""), if « 7^1; 



if a = 1. 



Wo 









nrn 



n" 



_2. '^0 



Wo 



^0 &o 



= ci(A).C2(A). 

By the above, there are three cases to consider: (a — l)a — 6^0q ^ 0, a =?^ 1; 
(a - l)a - b'^el = 0, a 7^ 1; and (a - l)a - 6^0^ =^ Q, a = 1. 

We can consider the first two cases together, as they differ only by ci (A) which 
is a central element in G. Thus, 

/ l\l ( ri" I \ \ 

Siho 

k.n 



cr„ (6162,63) = 5[ha[^ 



ci(A)- ( M,-l 



92 ' 
^0 



N (n") 



Wa (l,n") 



^a(O,0o)-M'^"(^))-'5f/^4^ 



Since by (|4?7)) . Wa (0,6*0) = u)„ (0, -6*0) \ this implies by ((2^ that 

CTn (6162, 63) = Ci(A) • I -2 , -1 I ■ \ha \^ \ \ ■ \ha ' 



■^0 



<5(/io(-^U--5f/iJ^| l-M/io 






By 



N (n") ^ 



(5 u, 



5 /l 



N(n") 



5 h, 
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which imphes that 

CTu (6162,63) = Cl(A) 



^0 Jk.n V V^l 



■S h^ ^ 



70 



n' 



^{ha{^]]-S{h. 



ba(- 


N 


in") 9o 

el '^ 


779o' 


n 


-1 



nin" 



5v Lemma 14. 101 




o-„ (6162,63) = ci(A) • 


' N(n") 

V ei ' 



1 -fen 



A:,n 









• jU 



<5 U, 



n 
'0 



TllTl" 



Hence by ((2?5l) . 

o-„ (6162,63) = Ci(A) 



N (n") 



fl2 ' 
'0 



5\h 



■6[K['A]]-5{k"' 



5{h 



00 
nin'' 



N(n") e^ 

e"^ ' 7^ 



S ha 



% n' 



■ S { ha 



,., , N(n") \ ( N(n") e. 



5o n'\ /I 00 



n" ^0 



By Proposition W% and (HH . 



6a - 



N (n") 



9^ '^ 



N (n") (0o/n'O,5i (gp/n") 



fl2 '^ 



k.n 



k.n 



'0 n'\ fn' S2{eo/nT) 



Til fo 



n' N(ni) 



■^0 / k,n 



Also, Lemma [4.101 shows that 



yo n' 



n" ' 00 



^0 "' 



n" oq/j^ 






Since n'/^o G fc^, by (I^Hj) and ([231), we have 

9o ^ 



i" ' 00 



N{n"y9oJ, 
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Therefore by (1^1^ and (PUJ) . 






^0 



n' N(ni) 



/ fc.n \A n 



r.. , N(n") 

^0 /fc,n VO 



n' N(ni)N(n") 



/c,n 



' X n" 



As for the last case ((a — l)a — B^Oq ^ 0, a = I), recah that in this case 
n" = -1/2. This implies that 



CTu (6162,63) ^ S [ ha [ ^ 



ci{X)-S{ha{-4el))-Wa(l,-^) 



■Wa (0,6*0) 



-i^^ii))-M-'^ 



Since by (|i?7)) . Wq (0, 6*0) = w^ (0, -e'o) \ this implies by ((^ that 



^u (6162, 63) = 61(A) • ^ ('/i^ (^^^ ■ S {K {-<)) ■ S (ha (^ 



-^•OX'^-'-^ 



BydS^D, 



200 



be -<: 7;7r]-HK (-200)) = 5 {K (-402)) -Sihai — 



200 



Hence, the equation we have becomes 



o-„ (6162,63) = ci(A) ■ 5\ha\^ 



200 



^« -4^o.7T7r •'^('^-(-2^0)) 



■ 6\ha 



M..|-^ 



Using Lemma 14.101 we get 



<Ju (6162,63) = Ci(A) • ha -400, 7;^ ■ (5 /la ^ 



200 



5\ha\^^]]-5{ha (-20o)) 



ni 



(5 U, 



-200, 



2n'0o 
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Thus by dM 



CTu (6162,63) = ci(A) • ba ( -46*0, — 



--"•^ 






■ S { ha 



s[k.[\)y -sUj^ 



.5ihai-2eo))-5[ha[-^ 



ci(A) • 6„ -40^, 



•6a( p-200 



1 
2^ 



-2^0, ■ 



• ba 



U0_ TV 



By Proposition H^H 



(4.24) 



and by ((2l3)) . 



-40n^ 



20n 



^^,^ (l/(2go))^i (l/(2go)) 



-40^ 



461, 



0/ fc,i 



1 



^'^0 / k,n 

Therefore by our previous calculations, 



Tu (6162, 63) = Ci(A) • (-40^, -1), „ • -40^, - 



0/ fc.r: 



ri^ N(ni) 



/ fe,n 



• fea ( =5 — 26*0 



and by ([^1^ and (gH]), 

a„(6l62,63) = Cl(A).(-40„^-l),.„.g,^)^^.6„Q, 



-200 



In fact, 



«<^>-(-«.-').vg.^),-^ 



61 (A) 



N (n") 



92 ' 
^0 



n' N(ni)N(n") 
^0 Gq 



A n" 



i.e. we can use the same equation 



N (n") 



(4.25) cr„ (6162,63) = 61 (A) • ( ^2 — '^1 



71' N(ni)N(n") 



for all three cases. 
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Also, by similar methods to the above, we can show that 



CT« (ei, 6263) = 6 [ha \ — I ] -Wn 



Op Op 
T777' „'" 



■Wa (0,6*0) 



■s{h^{;^]]-s{hj^ 



We know that 



N(ni) + 66*0 , , Va + 66'0 



n' 



- 266*0 



266*0 / V 266*0 



1 V'__i ''('' " ^) " ^^^0 

2^ 



266*0 



There are two cases to consider: a{a — 1) — B^Oq 7^ 0; and a{a — 1) — b^Og = 0. 
When a{a - 1) - 6^6*^ ^ 0, we can use (|i?^ to get 



yp Co 



thus 



«■„ (61,6263) = (5 /iq. 



Til 






■ Wa (0, 6*0) 



•<5U«(^))-5f/.J^ 



70 / / V V n- 



Since by (|4.7p . w^ (0,6*o) = u^a (0, —6*0) , by (|2.4p the equation becomes 

-1 



a-« (61, 6263) = (5 ( ft,Q ( — ] ] ■ 6 [ha 



ni 



■""'■'ilJ-'i'-Kn 



Using (123]), 



\ Sp n'" J V V"'" 

We thus get 



= <5 U« - 



N(n'")\V^ 



■5[ha[- 



CTu (61,6263) = (5 ft-a 



"1 



' 6*2 ',^'"7 V Vn'" 



M^«(^))-<jf/^J^ 



By Lemma [iHTl 



O-u (61,6263) = 6q ( -2 — , =^ I • (5 I /Iq I — 



■5 [ha 



?i 

00 



ni 



^0 »^i 



•M^.( = 



•M'^"( = 



and hence by (|2.5p . 



N(n"0 00 
CT« (61, 6263) = 6q ( -2 — , == 



h ni 



6„ ( — ,— 

Til 00 
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By Proposition H21 



ba 



N(n"') 00 Y' 


( N(n"') {eo/n"')5i{eol^ 




( NK') y 



k,n 



Also, by Lemma [4. 101 



yo ni 



% ni 



Oq ni 

Since n'" = rii + N (ni) /n' — ni(l — A) and ni = An', we have 






An' 



An' 



An'(l-A)' 9o )^^^ V An'(l-A)' 9^ ) ^^^ 



By (Em, 






,A 



yo n' 



An'(l-A) y^_„ V An'(l-A)'eoy^,„ 
An'(l-A)' J^^A An'(l-A)'epJ^_„ 

2 / /, \ -1 



An'(l-A)'^^_^ 



An'(l-A) 



,A 



K,; 



yo n' 



By (E331), 



yp n-1 



An'(l-A) epy^^„ 



-,A 



,A 



N(A)n'(l-A)' ;,^„ V«'(l-A)' /;,,, 
1 n' 



Using (j2.14p . we have 



yo ni 



A(i-A) e,j 



,A 



,A 



N(A)n" ;^„ V"'N(1-A)' )^,^ 
1 n'~ 



A(l-A) 9, J 



By (133) and (HT:^ . 



yp ni 



N(A)n 



7:N(A) 



,,„ V-W^'"^^^. 



N(A)N(l-A)'0oA.„' 
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Using (|2.1ip again, 



^0 ni 



' N(A)) •(^,N(A) 



N(A) /,,, 

— 1-,N(A)) .f^,N(A)) 
1 



N(A)N(l-A)'0oA. 

2 



1 



N(A) 



,N(A) 



k.7i 



' ,N(A)) .(^,N(A) 



N(l-A) 



k.n 



k.n 



N(A)N(l-A)'0oA,„ 



9o ni 



(-1,N(A))L 
1 



— 1-,N(A))" .f^,N(A) 



N(A)N(l-A)'0oA 



By (m^ and (ICT . 






, MN,1-A).N(A))„..(5^,0)^^__.(n(A)N(1-A),^)^ 



Hence by (|2.1ip again, 
Therefore, 



N(l-A) 



N{X)0o\ _ / N(n"0 N(A)6lo 



k,7i 



/N n'" N A 0o\ , /^o ^1 

CT„ 61,6263 = —- ^, -0" — '7- 

As for the case a{a — 1) — b^Og = 0, we have n'" — —1/2. This impHes that 



<Ju (61, 6263) = S[h^[^\yw^ (200, 291) ■ W^ (0, Oo) -^(halj- 



By (|4.7p and Lemma 14.41 



zIJ«(20o,20^)-^„ (l,-^) -w„(-20o,20^) '-^^l-l,- 



202 



-,N(20o) •<5(/i.(N(20o))) 

(4.26) Wo, {200,261) - (-1, -402),.^„ • <5 (/i„ (-40^)) • 7i5„ ("l,-! 



I.e. 
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Thus, 



CTn (61,6263) ^ S [ha [ 



i-^^-Ok.n-Hhai~<))-w4h-- 



■ wa (0, Oo) ■ S (ha (^] Ys{ha (-20o))"' . 

Since by (|4.7p . Wa (0, ^0) — Wa (0, —^0)^ , utilising (|2.4p makes the above equation 
become 

CTu (ei, 6263) = (-1, -40o'),^„ • ^ (/!« (^) Ysiha i-iel)) ■ 5 (ha (-^ 



■S[ha['^))-6{ha{-29o)y' 



By ^ 



°' i) ■ '^ ^^" ^~^^°)) ^ '^ ^''" ^"^^°)) ■ ^ (^" (i)) ' 



6„ I -49, 
hence 

cr„ (61,6263) = {-l,-A9'^)^^-d [ha 



ni 



ba[-40l—]-d{hai-29o)) 



■S[ha['^))-S{ha{-29o)r' 



We can use Lemma 14.101 to get 
au (ei, 6263) = (-1, -40g)fe,„ • ba (~49l, ^^ ■ S (ha ("^ 



--"■S 



■S[ha['^] ]-6{ha{~29o)) 



Siha{-29o)y 



Hence by ([13]) and (|i:Ml) . 

a„ (61,6263) =(-l,-40o')fe,„- (-4^0,-^)^ 

But since rt"' = —1/2, we have 



-200, 



n-i 



• fea 



Wo ni 
"1' ^0 



-2^0, ^ 



70 J^i 



This implies that wc can use our previous result for n'" ^ —1/2 so that 

'NKO N(A)go \ 
N(ni)' n' j,„- 



-2^0,^ 



In the end, 



(7^(61,6263)= (-l,-40g),_„. (^-402,-^)^^^ 

, /^o ni 
Vni 6*0 
which simphfies by (P?T^ and (I^1T|) to 

, , f Njn'") N{X)9o 

<Ju 61, 6263) = — -, ; 

Thus, we may use the above equation for both cases 



N jn'") N(A)g o' 
N(ni)' n' ,,,„ 



•6a 



Po_ ni 
111' 9q 
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Similarly for au (e2, 63), 



ni 



<^u (62, 63) ^ S ihai — ] ] -Wa i 0, -= J • Wq (0, Oq) ■ S i ha 



■Sihai"^ 



By(I12D, 



Cm (62,63) = 6 [ha 



ni 



70 



■Wa{0,-^J. 

n' 



Wq (0,6*0) -Wa (0,6*0) 

1 



WaiO,0o)-S[ha['-^]ys(hai'^ 



Sihai'^))-6ihai-"4))-S{ha{-l))-'-5(h. 



■ S { ha 



ni 



Thus using (|i?^ . 
a„ (62, 63) = 5 (^/^„ (^^) ) . 5 (/,„ (^^) ) .6 [ha (1^) ) . 5 (/^„ (^ 

= 1. 

Hence by the 2-cocycle condition, i.e. 

O-u (61, 62) • CT„ (6162, 63) = CT„ (61, 6263) • Cr„ (e2, 63) , 

we have 



Oo_ ni 

ni' 6*0 



Cl(-^) • /,2 '" 


\ fn' N(ni)N(n")^ 


fc,n 




= 


YN(n"') N(A)0o\ 





Also, n'" = An" and A = ni/n', hence we can rearrange the above as follows: 

-1 





M^ ^ N n" ,\ n' N m N n" A 

Cl(^)- fl2 ' 1 ■ U ' fl4 


/N(n") N(A)0o\ 


VN("')' n' ;,„• 


bv (14.11) and (12.121). 


^ fl eo\ ,,,_,( N(n") ^^ ^N(ni)N(n") ^\ 




/N(n") N(A)0o\ 



N in') ' n' / , 

V / / A: ,■ 
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BydHH, 



frl)^^"^'--(- 



N(n") \ f N(n") n' 



' J k,n \ ^0 f^O/fc,, 



N(?ii) n'\ ( N(?i") N(A)6'o 















9§ 6*0 



By (Eini), 



N(n')' n'y^^ 



N(ni) n'\ _ i^N(ni) n'^^ _ /^is[ ( u '^' 






This implies that 

thus by (Pl^ and (I^Hj) . 



1 ^oA _ ,,,_! /N(n") 



We wiU now use Lemma H771 to get our desired resuh. Firstly, 

. f. n"\ . ^1 .T.^^ ^0 N(n") 

^^^^. 1 n" el \ ( {n"/eo)6,{n"/6,){el/^{n")) 1 



N(A)'6io N(n")/ I n' ' N (A) 

<52 (A(n"/0o)) 1 ^^ 






<52K/^o) 'N(A) NK)A,„' 

since \{n" /9q) ^ fc^ . Simplifying the above using the properties of Hilbert symbols, 
we get 
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Inserting the equation we have for ba (l/A, 9o/n"^, we have 



6„ A,— =ci(A) 



and by (pi^ . 



bJx,^]=c^iX)-' 



_i f Nin")9o 
(n')3 

N in") 00 



,N(A) 



""N(A);,„' 



in'r '^(^V./l-^'^(^^ 



k,n 



k.n 



Thus by (EH]), 



6a A,— =Ci(A) 



1 ^NK) 



and using (|2.13p again, 



i„ A,— =c,(A) 



N(4'^'^'.., 






Let q E k^ and replace A with A/q. This imphes that by (|4.5p and (j4.6p . 



/A ni +gn'\ /A 



N (nT + g»') N(A) 
N(ni) '^^ 



Therefore, choose q, q' £ k^ such that fj, = {rii + qn')/{q'9Q), which is always 
possible due to Proposition [5?T] This implies by the same proposition that 



(5i in) =ni+ qn, 62 i^i) = q'Oo. 



Hence, 



6„('^ '^^^^^ 



^^'i 



N(^i(/i)) N(A) 



.9' do ) "'\qj V N(ni) 
We know that by Lemma 14. 7[ since Xfj. ^ k^ , 

Oa (A, ^l)^ba\-■q, —p. 

\q So q' 



k.n 



ba { X- -,fJ.- q' 



fJ-Si (M)g' 1 
n' ' q 



S2 (A/.) 1 ^,^ 
q'Oo '9 */fe, 



It can be shown that 62 (A/i) = q'9o/q, thus with what we have so far the equation 
becomes 

-1 



ba (A,^) = Ci I - 

\q 

BydHH, 



n(^i(a^)) N(A) \ / mMmV 1 

NK) ' g2 ; 1 n' 'q 



k.n 



9' 9/fe,„ 



ba{X,ll) = Ci - 

,9 



, 1 



N(<5iM) N(A) 
N(ni) ' g2 

9' 9/fe, 



k.n 



fj-Si i^J■) 1 

n' ' q 



k,n 



and by (glSD, 

ba (A, ^) = Ci 



A 

q 

9' 9/fe 



N(,Si(m)) N(A) 



^(5i (^) 1 



N("-i) g^ /fc,„ V n' q 



1 1 

9' I'Jk, 
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Thus by (PUJ) . 



baiXyfl) = Ci ( - 



By ^rm . 



N(^iM) N(A) 
N(ni) ' g2 



/C.JI 



M*^! (m) 1 



1 1 



1 iJk.n \1 Jk,n 



hence by also using (j2.12p . we finahy get 



ba (A, ^) = Ci - 
\9 



N(^i(m)) N(A) 
N(ni) 



fiSi (^) 



2 ; ■ M?' / 

T J k,n V "^ 



k,n 



1.8. 



(4.27) 5,(A,/i)=ci 



N(,5i(/i)) N(A)^ / A^(5i (/i) 

.,„'r' '52(A) 



N(<5i(A))' g^ 



fc,n 



So if /i = c + d9Q^ where c ^ k^ d ^ k^ , then g = a + {bc)/d^ and by (14. Ip . 

N(A) i^WnX 

ci 



A\-^ IV 4a2N(5i(/i))'((a-g)a-fe202)4;^^^ 



i^iWbX 



N(A) 



, ((a -g)a + 6202)4' 4a2 N ((5i (^i)) 



if (a - g)a - 626l2 ^ Q; 
if (a - q)a - b^9l = 0. 



We are left with the case when A e k^9o. This case is slightly different from 
the above because ni = —1/2 G k^ , which alters CTu (ei, 62) and cr„ (eie2, 63). 
Firstly, by (J4.21L we know that 



Cu (ei , 62) = (5 ( /la ( — I ] -Wn 



ni nil \ \0o 



■ 5 { ha 



ni 



= S {K (-20o)) • Wa (200, 20§) • iC„ (0, 0o) • 5 f/^a (-^) ) 
•5(/i„(-20o))~'. 



By gSni), 



o-« (ei, 62) = 5 {ha (-26'o)) 



(-l.-4^o),,„-'5(/..H0o))-^a(l,-0 



Wa (0, 0o) • M '^^ ( -^ ) ) • <5 (/^a (-2^0))"' 



Since by gj]), w„ (O,0o) = i^^a (O,-0o)"\ by ([231), 

a„ (ei, 62) = (-1, -40o'),^„ ■ ^5 (/^a (-20o)) • 5 [ha {^K)) ■ S (ha f-^) 
■s(ha(-J;r)) ■6{ha{~2eo)r\ 



1 

'Wo 
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Hence by (^3]) . 
a„ (ei, 62) - (-1, -40o')fe,„ • S {K (-200)) • <5 {K (-40^)) . ^ (^/^^ (^_L^^ 

• 5(/i„(-20o))"'-<5(/ia(-20o)) 
•5(/i„(-20o))"' 



■^'^"'-2^ 



= (-1, -40o')fe,„ • ^ {K i-29o)) ■ 6. ( -^ei —j ■ b^ ^-200,- — 



6{h^i~20o)y 

= (-1' -Ok,n ■ ^" ( -<' ^ ) • ^" ( -2^0' - 



1 
Wo 



By 621, 



cTu{ei,e2) = (-1,-402^^^^ 
Thus by (jTTO)) and (PUJ) . 

(Tw (61,62) = (-l,-402^ 



-^^"•-siJ.,;'°l-^^"- * 



-'-if)./'-'K-i 



V ni 00 J 

which coincides with the case when A ^ fc^^o- 

As for cr„ (6162, 63), by (14.22^ . we know that since ni = rrf, 



CT„ (6162,63) = S [h. 



ni 



Wo 



70 <7q 



■ Wo. (0, 0o) • J h. 



nin" 



Since n" ^ k^ , we can still use (|4.23p in the above to obtain 



o-u (6162,63) ^ S [h 



Til 



N(n") 



k.n 



N(n") 



Wa (0,6*0) -(^ ( /la ( -7- 



S\ho.\^ 



and in a similar fashion to what we have done previously in the first case when 
A ^ fc ^ 6*0 , we can show that 



(Tu (6162,63) 



N (n") 



92 ' 
'0 



-1 



n' n?N(n") 



a' r?' 



k,n VO "^0 / fc,n 

If we compare the above with (|4.25l) , we can see that they only differ by a factor 
ci(A) which only exists if a ^ 0. Consequently, since it can be checked that both 
Cu (ei, 6263) and au (62, 63) remain unchanged, by same method we used above for 
A 4: k" 00, this shows that for A G k^0o, 



cTu (A, y) 



N(^i(a^)) N(A) 
N(<5i(A))' g2 j^ 



fJ-Si (a^) 
<52(A) 
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where for A = bOa, fi = c + dOo, 6, c, d G fc^, q = bc/d, i.e. the above only differs 
from (li:?7ll by ci{\/q)~^. D 

Our results from Proposition 14.21 Remark 14.91 and Proposition 14.111 can be 
summarised by the following theorem: 

Theorem 4.12. For X, fi e K"" , 

CTu (ha (A) ,ha {^l)) 

(M,-<52(A)/0o)fe.„, 



X,^Si {p-)/0o 



= <{-lM{X)) 



X6i (A) 



k.n 



Xfi 



if X, fi e k^ ; 

if X(^ k^ , fj, e k^ ; 

if Xe k^ , ^j.^ k^; 

if X, n ^ k^ , Xfi e k^ ; 



N(^i(m)) N(A) ' 
N('^i(A))' q' /,,„ 



q, 



S2W 



k,7i 



, •I]'(A, /i), otherwise, 

where, if X = a + bOo, j^i = c + dOo, with a, c G k, b, d (z k^ , 



be 



q = a 



and 



^'ix,^i) = { 



N(A) 



(N(A))26404 



4a2N(<5i(M))' ((a -g)a- 5202)4;^^ 
(N(A))26404 N(A) 



1, ifXek^'Oo 



ifX(^k>'9o,aq^NiX); 
i/A^fcX0o, ag = N(A); 



CHAPTER 5 



The 2-cocycle on the rest of SU(2, l){k) 



Recall that we have set G = SU(2, 1). We have defined a section S: G{k) -^ 
G in Section 12.31 Hence, we can use this section and Theorem 14.121 to find the 
universal 2-cocycle on G{k). Note that by (j2.5p and Theorem 14.121 we already 
know explicitly what ha (— , — ) is on K'^ x K^ in terms of (s, t)f, ^'s for s, t £ k^; 
so from this subsection onwards we will only use (— , — )fc „ as a function on fc^ x fc^ , 
and otherwise use cr„ as described by (|2.5p . 



5.1. The easy cases 

To start with, let {r,m), {r',m') e A, where A is defined as in (|2.2[) . It is 
obvious that for g, g' G G(fc), 

(7u {xa {r,m) ■ g,g' ■ Xa {r' ,m')) = cr„ (5,. 9') , 

(Ju {9, Xa {r, m) ■ g') = au {g ■ Xa {r, m) , g') , 

cr„ [g, Xa {r, m)) = cr„ {xa {r, m) , g') = 1. 

Therefore, since for A € iC^, 



ha (A) ■ Xa ir,m) = Xa ( -=-,mN{X) 1 • ha (A) , 
the above implies that 

au{g,Xa{r,m) ■ ha{X)) = ctu ig,ha{X) ■ Xa [j2''^nx)) ) =^« {9,ha{X)), 
(Ju {ha (A) ■ Xa (r,m) ,g') = cr„ ixa f -=-,m^{X) j • /iq (A),g' j = o-„ (/la (A) ,g')- 

Also, if /iG fc><, by (1121), 

(5(/iq (^)) = Wq (0, ^6*0) • Wq (0, 6'o)" . 
Thus by (|4Jl) . 

Wa (0, 6*0) • (5 [ha in)) ■ Wa (0, 6*0)" 
= Wa{0,9o)- WaiO,^J.0o) -WaiO^Oo)^ -{Uq (0,6*0)" 

r_ _ -iK^ r~ ~ -1 

= Wa{O,-fi0o) ■ ■Wa{0,9o) ■ Wq (0,-6*0) -Wq (0,6*0) 

Thus by f^IHi again, 

7l5„ (0, Bo) ■ S (ha (m)) • Wa (0, 0o)"' = 5 {ha {-fi))'^ ' <5 {ha {-!)) 

and this implies by (|4.2p that 

(5.1) ZZ;„ (0, 0o) • -5 (/ia {fi)) ■ Wa (0, 0o)"' - -5 (ha (-) 
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As a result, ioi \ E K^ , 

a-u [ha (A) • Wa (0, 6*0) , ha {n) ■ Wa (0, 6*0)) 

= [6 {ha (A)) • Wa (0, 9o)] ■ [5 (ha (m)) • wc. (0, 9o)] 

■ S [ha (A) • Wa (0, 6*0) • ha i^J,) ■ Wa (0, 6*0)] " 

1~ 



= 6ihaiX)) 



5[ha[-]]-WaiO, do) 



■ Wa (0, 9a) ■ S [ ha [ - 



(Note that for any A, fj, e K^ , ha (A) • Wa (0, 9o) ■ ha {fJ.) ■ Wa (0, ^q) — ha (— A//i).) 
By (113), we have 



O-u (ha (A) • Wa (0, 9o) , ha (/i) • Wa (0, 6*0)) 

= S {ha (A)) • ,5 (ha (-)) ■ ^ (he {-l)y' ■ S (ha 

Thus by (1^ . 

Cm (/la (A) • Wa (0, 6*0) , ha (fi) ■ Wa (0, 6*0)) 



5iha{X))-5[ha[- 



Slhal- 



5 I ha I - 



■6{hai-l)y'-S(ha(-- 
Cfu [ha{\) ,ha{-\\ -Ouihai ] ,ha {-l\ 



If/i<^/^^by (El, 

5{ha{,y))~ ■WaiO,9Q) ■ S{ha{n)) 

= Wa (1,(51 (^i)) -Wa (0,(52 (/i)) -Wa (0,6*0) 

• Wa{l,Sl{^J.)) ■WaiO,S2{n))' ■ 



Thus by (liJl) . 

J (/la (A^))"^ ■ «Ja (0, 6*0) ■ S {ha {fJ.)) = Wa (0, ^2 (fJ-)) ' W^a ("1, (5l (/l) j ' «Ja (0, 6*0) 

• Wa f-l,(5l (Ai)j ■ Wa (0,(^2 (Ai))"\ 

and by using Proposition 12.41 twice. 



N 



(5.2) (5(/la(/^)) ■Wa{0,9o)■S{hai^^))^WaiO,S2i^^))■Wa\0,-- 

■Wa (0,^2 (m))^ 
^0 



Wa 0, 



n(m) 
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Thus for Xe K"", 

Cfu {ha (A) • Wa (0, 6*0) , ha (p) ■ W^ (0, 6*0)) 

= 5 {K (A)) • Wa (0, 9q) ■ 5 {K {p)) ■ Wa (0, 0o) 

• 5[K (A) • Wa (0, 0o) • ha ifi) ■ Wa (0, ^o)]"' 



^SihaiX)) 

Thus by (EH), 



S{ha {^J.)) -WaiO 



n(m) 



CTu {ha (A) • Wa (0, 6*0) , ha (p) ■ Wa (0, 6*0)) 



5{ha{X))-6iha{^l))-Wa[0, 



n(m) 



S h 



X 



= SihaiX))■S{ha{^i))■6^ha 



1 



n(a^) 



Wa (0,6*0) • (5 ( /la ( -- 



Wa (0,6*0) -Wa (0,6*0) -Wq (0,6*0) 



S{hai-l)r'-S(ha(-^ 



hence by ((2?5|) . 

CTu (ha (A) • Wa (0, 6*0) , ha {^J,) ■ Wa (0, 6*0)) 
= 5 {ha (A)) • S {ha (a*)) • \S {ha (A/i))"' ' S {ha {Xfi)) 



■ 6 { ha 



n(m) 



Sihai^y -S^ha^l 



O-u {ha (A) , ha (/i)) ■ (Tuiha (A/x) , /l, 



<5(;ia(-l))"'-'5(/la(- = 



A 



n(m) 



cr„ ( ft-a ( -- ) ,/Iq (-1) 



Similarly, since ha (A) • Wq (0, Oq) ■ ha {n) — ha (A//i) • Wa (0, ^o), 
o-„ (/iq (A) • Wa (0, 6*o) , /iq (a*)) 



= (S(/ia(A))-Wa(O,0o)-^(/la(A*)) 

Thus using dnH), dEH) and (1^ . 

Cm (/la (A) • Wa (0, 6*0) , ha {[l)) 

^{ha{X))-i{ha{^^ -bUai^ 
5{ha{X))-5{ha{fi))-s(h ^ ^ 



6 ha 



Wa (0,6*0) 



N{fl) 



Slhal^ 



if /i e fc ^ ; 
a ^j, ^ k^ . 



Therefore by (j^ . 

0-„ (/Iq (A) • UJq (0, 6*0) , ha {^l)) 



On ( ha (A) , /Iq ( - 



0-n {ha (A) , /la (^i)) ■ (Ju [ ha (A^f) , /la 



1 



N{p) 



ii H e k^; 
if At ^ fc ^ ■ 



Also, note that by the definition of our section, 

(Ju {ha (A) , ha {^l) ■ Wa (0, 6*0)) = Cu (/la (A) , ka {^i)) ■ 
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5.2. The difficult case 

We are now left with the most difBcuh case, i.e. the next proposition. 

Proposition 5.1. For \, jjl E K^ , with {r,m) e A, where r = a + b9o, m = c + ddo 
for a, b, c, d E k, 

(Ju {ha (A) • Wa (0, 6*0) , Xa {r, m) ■ ha (m) • Wa (0, 6*0)) 

= T.u{r, m) ■ <Tu iha{X) , ha i^jj ■ CTu f ha i -=^ j ,ha{n)j , 



where 
I]„(r,m) 



= ,-1 , ifmek'<9o; 

^ J k,n 

K "^ ) k,n ^ 

^0 \ /-TV 

r, , i}r, mek''; 

^ J k,n 



' 62 N (m) 02 ; ^_^^ V ' c ^„' ' ' m 

otherwise. 



Proof. Our proof will use similar methods used in ProDOsition l4.11l By (j4.18p 
and dHH), 

<Ju {ha (A) • Wa (0, 6*0) , Xa {r, m) ■ ha (/i) • Wa (0, 6*0)) 

= Xa =^, ■ (5(/Iq (A)) • Wa -^,-= • Wq (0,6'o) 

V mX m J \ m mj 



mJJ \ mX 

hence simplifying the above gives 

(5.3) ffu {ha (A) • Wa (0, 6*0) , Xa {r, m) ■ ha {^l) ■ Wa (0, 6*0)) 

= S {ha (A)) .Wa(-^,-^)-Wa (0, ^o) ' S {ha (m)) ' S (ha (^ 

There are two cases to consider: when r = 0; and when r ^ 0. 
When r = 0, this implies that m € k^9o. Thus, (|5.3p becomes 

Wa -^,-= = Wq 0,- — 

\ m m J \ m 

and by (g^l), 

CTn (/la (A) • Wa (0, 6*0) , Xa {r, m) ■ ha (^) • Wa (0, 6*0)) 
= ^ (/la (A)) • Wa (O' -=) • [^^^ (0' ^0)"' • Wa (0, ^o)] ' Wa (0, ^o) 

'A^6'o 



■ 5{ha (/i)) -(5 ( /la 
,5 (/la (A)) • 5 Ua (-=))■ '^ (^" (-1))"' • -5 (/la (a*)) • 'J (/la (^ 
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By dM 



(70 

m ' 



S h, 



s(h^(-^)Ysih^i~l))-'; 



therefore the equation becomes 



(Tu [ha (A) • Wa (0, 6*0) , Xa (r, m) • ha (fJ-) ■ Wa (0, 6*0)) 



S{haiX)) 



'(Oo_ 


-1 


-1 
) 


5 


^K 


(h 


\m 


/ 


/, 

k,n 




\ 


\m 



5 {ha (m)) ■ 5 [ha 



XfiOo 



By ([22]) again, 

o-« (/iq (A) • Wa (0, ^o) , Xa {r, m) ■ ha in) ■ Wa (0, ^o)) 



1) ■6{hai\))-S[ha 



S h, 



XOo_ 

TO 



S ha 



Xdr 



■5 {ha (p)) -Sihai —=^ 

m 



ZZ, -1 I • CTu {ha{X) ,ha [ z=]] ■ CTuiha { -=r ] , ha {fi) 

(Note that (s, -1)^:^^^ = (s, -1)^ „ for any s e k"" by g3|).) 
Now let r ^ 0. We want to consider 

// N ~ f rOo Ol\ ^ f TO 

Z {r,m) =Wa -^,-= ] -Wal 1,T77T 

\ m mj \ N (r) 

The above imphes that (|5.3p becomes 

(Ju (ha (A) • Wa (0, 6*0) , Xa (r, to) • /Iq (^) • Wa (0, 6*0)) 



(5(/iq (X))- z'{r,m)-Wa 1 



N(r) 



■Wa (0,6*0) -5 {ha (m))-'^ ^a 



A^6lo 



and since by g21), w^ (0,6*0) = Wa (0, -6I0) \ by dH]), 

(5.4) Cr„ (ft-a (A) • Wa (0, 6*0) , Xa (?", to) • ha (fJ.) ■ Wa (0, 6*0)) 



S {ha (A)) • z'{r, m) ■ 5 [ha 



We first note that 



N (r) 00 



z'{r,m) = Wa 



r9, 



o„ 



5 {ha {(J-)) ■ 5 [ha 



Wa -1, 



A^6lo 



N(r) 



by (1121). Let 



then 



711 = 



i = 



rOo 



z (r, TO.) = Wq ^^, n-i 

TO. 



re/Q ni 



" V^i'N(t), 

By Lemma [4.41 there are four cases to consider: t g k^; ni e k^ , t E k^9o; 
ni = a' + b'Oo, t = c' + d'9a, a', d' e k"" , 6', c' € fc, c' + b'd'Ol/a' ^ 0; and 
ni = a' + b'9o, t = c' + d'Oa, a' , d' e k"" , 6', c' G /fc, c' + h'd'Ol/a' = 0. 



5.2. THE DIFFICULT CASE 



Let t e k^ , i.e. —r9o/m e k^ . By Lemma lOl 



z'{r, m) ^ 5 [ha 

= 5 ( ha 



N(ni) 

O'o 

N(m) 



S h 



N(ni) 



<5(/i„(i)) 






Using the above in (I5.4L 



0-« (/la (A) • UJq (0, 6*0) , Xa (r, m) • ha (/i) • Wq (0, 6*0)) 



HhaiX)) 
■ S ( ha 



re, 





m 



N (r) 00 



(5(/Iq (^)) ■ S [ha 



By dM 



Q 2 \ -1 



rm m 



k.n 



■ S { ha 



= S { ha 



■Sihai- 



rOa 



thus 



(Ju {ha (A) • Wa (0, 6*0) , Xa {r, m) ■ ha (/i) • Wa (0, 6*0)) 



5{ha{X))-5[ha 



■Sihai- 



N(to] 



n 2^-1 

^o r m 



rm m 



■S h. 



k.n 



N (r) 00 



' ' TO 



By 6ID, 



O-u {ha (A) • Wq (0, 6*0) , Xa {r, m) ■ ha {fJ.) ■ Wa (0, 6*0)) 
K.2„ 



rm rm 

m 



5{ha{\))-5{ha\- 



5\h, 



N (r) 00 



5 {ha (m)) • <5 /la 



N(m) 
Xfido 



■S ha - 
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Also, since t = -re^jm e k"" , t"^ = - N (r) 6'g/(N (m)), hence by ^^ 

Ou (ha (A) • Wa (0, 6*0) , Xa (r, m) • ha (p) ' Wa (0, ^o)) 

^ s(ha(--. 



rm rm 
9q ' rn 



S ha 



^jHh.W)-S[ha^ N(m) 

■ S i ha 



S ha = 

m 



N(r)gg 
N(to) 
1 



N(m) 



• (5 /la 



N(r)( 



5 Ua = 



' ' m 



rm rm 

To 



771 



fc.„ V N(777) 777 



(Ju\ha 



" N (777) ' ' " 



N(r)l 



•<5Uo^ 



n7 



■6[ha[^ 

m 



6 {ha (/i)) • (5 /iq 



X^^0v. 



rm rm 

To 



m 



k.n 



N(777)' 



k,n 



CTu { ha 



N (777) ' ' 



N(r)l 



CT„ ( ft-a (A) , /la ( ZZ ) ) • Cr„ f /Iq f -^ ] , ha (fJ.) 



By em, 

O-u (ha (A) • Wa (0, 6*0) , Xc (r, 77l) • /Iq (/i) • Wa (0, 6*0)) 



777 777 



<Tu \ ha 



k.7i 



■ CTu [ha (A) , ha 

By Theorem HH ((^1^ and !^A^ . 



N(77l) 

'A0O 



) /^a 



N (r) 00 



cr„ ( /Iq ( ^ ) , ha in) 



(5.5) cr„ /l, 



N(777) 



1 f^a 



N(r)0o. 
N(r)02 (_to/(n (r) 0o))Si {-m/{N (r) ^o)) ' 



N(?7l) ' 

N (r) 6l2 N (777) 



eo 



N(77i) ' (N(r))202y^_^ 
N(r)02 1 



N(77i) N(r)^,, 

0n2 1 



N(777)' N(r);,_„ 

1 N(77l)' 



NM' ^0^ A,„ 
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Also, by dun]), 



iTi rn I ,, „ \ m m \ rOn 11 \ m ' ^^ 



/ k 



Therefore by ((2lT|) . 



re„ r^m\ / / N (r) ^g 



N (to) y ' "V N (r) 6lo 
r6lo N(to)\ / 1 N(to) 



-' el A_„ V N(r)' 02 ^^^^ 
9o N(to)^ 



rm 



92 , 

^0 / fc,n 



TO ' TO 



k.n 



- - 


-0o/(rTO) 


. hence bv (|2.13D. 






V V 


N(r)02 
N(to) 


] h ( 


TO 


(Tt 


j'^^H N 


W^O 




(Oo ( 


N(to)' 


\ N(to)N 






\rm \ 


01 . 


^ ^^ J 


k,n 




/ rn 


N(to)\ 








V r0o' 


01 J 


1 

fc,n 





Thus, 



r^o 


r m 


' fc,n 


/ / 

v v 


N(m) y 


/ 

,ha 

\ 


TO \ 


^ 


TO 


TO ^ 


N(r)0oj 


'J 














/ 


N(to) 














V 


01 



by (232). This imphes that 

O-u {ha (A) • Wa (0, 6*0) , Xa {r, to) • /Iq (/i) • Wq (0, 6*0)) 

7^2"' ^^ ) • CTu ^a (A) , /la ^ I I • CTu /Iq ^ I , ha (m) 

If instead ni € fc^, t G k^Oo, i.e. —O'^/m E k^ , —rOo/m e k^9o, this imphes 
that both r, m ek^ . Also, by Lemma lOl and p.l2p . 



^'(^,"^)=(-^,N(t)) .<5(/ia 

V / k.7i 



(N(i))) 



'•'^0 / fc.n 






{-el/m) 
{-reo/m)eo' 


^ /fc,n V V 


■m? 


1 r202x 






^' / k,n 


i-i-m- 
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Using the above in (|5.4p . 

<Ju {ha (A) • Wa (0, 6*0) , Xa {r, m) ■ ha (/i) • Wa (0, 6*0)) 



6{ha{X)) 



S {ha {^)) ■ S [ha 






k.' 



■5\ha 



r^6o 



AAf6>o 
ra 



and by ^X^, 

<Ju {ha (A) • Wa (0, 6*0) , Xa (r, to) • ha {p) ' Wa (0, 6*0)) 



{^-'-§^-^\^-^^ho.{X))-5{ha{- 



.2/)2 



Hh 



5 /i 



5 U, 



5(/i„(m))-<^U, 



r^^o 



A^6'o 



.2/)2 



8 {ha (A)) • Cr„ Ula I „ 






■ 5\ha 



S ha 



A0O 



S ha 



A0n 



• S{ha (/i)) 



<^^)) 



,2fl2 



771^ 



k,n 



.2fl2 



?7l^ 



H>« 



r20o 



0-u[ha{X) ,ha[ —]] ■ (Tuihai ] , ha {fi) 



By Theorem [4T2] and (|2A3)) . we know that 



CTu h. 



,2/j2 



n I 7 '^Q 



^2^0 



r202 (-m/{r^eo))6, {-m/{r^e^)) 



.2/12 



771"" r 






Aa2 



0/ fe,n 



fc,n 



Hence by (gH]), 



CTu (/Iq (A) • Wa (0, 6*0) , Xa (r, to) • ha (/i) ' M^Q (0, 6*0)) 



l2 1 \ / /0 

r- 5" I • 0-« I /la (A) , /Iq ( — 



■ Cr„ ( /Iq ( ) , /la (/i) 



^0 



k,n 



But by (|2l^ . 



■ CTu ( /Iq (A) , /la I — I I • (Tu ( ft-a ( ^ ) , ha (m) 



,2/12 



r^e, 



and by ^J^, 
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2fl2\ / ^2/)2 \ / /)2 



"i /fc.n V "^ J k,n \ "^ / k,n 

Thus, 

(Ju {ha (A) • Wa (0, 6*0) , Xa {r, m) ■ ha (/i) • Wa (0, 6*0)) 



m- J u ^ \ \ TTi J J \ \ m 



r, '- j ■ cru{hai\) ,ha{ — ] ] -aul ha{ -^ ] , ha (/i) 



Otherwise, let r = a + bOo, m = c + cIOq, where a, 6, c, d G fc, with c 7^ since 
m ^ A;^6'o. This imphes that 

c9l del _ {ad + bc)el {ac + bdel)do 

'^^ ^ ^N(m) ^ N(to)' ^^ N(m) N (m) " 

Then by Lemma 14.41 the equation 

{-cell N (m))2 N (-r6'o/m) 



z'{r,m) 



{-{ac + bdOl)/ N (to))2 N (-6i2/m) ^^ ' 

{ad + 6c)6lg (^6*^7 N {m)){-{ac + bd^g)/ N {ra))el ~ 
N(m) + -c02/N(m) J fc , 

/ (-(ac + bd0g)/N(m))N(-gg/m) / r^ 
'I -c6l2/N(m) ' ^ m^ 

c2N(r) 66(2 \ / {ac + bdel)el N (r) 6*2 



(ac + 6rf02)2' c y^„ V cN(m) ' N (m) y ^ , 



N(m) 
is vahd if we have 6 7^ 0. Thus, assume b ^ 0. By (|2.1ip . 

V(ac + 6d6i2)2 c y^„ V c y^.„ 

2 M /'^^ /32 \ / /)2 /)2 



ac + 6rf6l2 N(r)6lA / 9^ 



c ' N(™) ;,„ V N(m)' N(m);,„ 

V N(m)' Vfc,„ V V N(m) y^' 
and by dUS]), 

2 M /'^^ /32 \ / /i2 /)2 



ac + 6rf6l2 N(r)6lA / 6^ 



c ' N(m) ;,„ V N(m)' N(m);,^„ 



N(m)\ cA / N(r) 



NW, — ST^ --^U" - 



/fe,„ V V N(m) 
By 6ID, 

(ac + 6(i6'g)2 c \ (ac^bdel ( c \^\ (ac + bdOl 



MV.n \ <- 'V &^oV /„„ V C '5204^^^^ 



c 
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and by (|2.ia|), 












f 01 


01 \ 


( 01 


A 




\ N(m)' 


nmA,„ 


\ N(m)' 



Therefore by ((2lT|) . 



z'{r,m) = f 



ac + 6^6*^ c2 N (r) 



C ' 62 N (^) Q2 



N(r) 



5N(to) 



NM' ;,„ VH N(m) 



Replacing the above in (j5.4 



0-„ [ha (A) • Wa (0, 6*0) , Xa {r, m) ■ ha ifJ-) ■ Wa (0, 6*0)) 






N(r)g§ 
N(m) 



N(r), 



■6 h. 



6N(m) 



N(r)( 



(5 (/iq (^)) • (5 ft,Q 



AAi^c 



By 



0-« [ha (A) • Wq (0, 6*0) , Xa {r, m) ■ ha (/i) • Wa (0, 6*0)) 



ac + bdgg c^ N (r) 



N(r), 



6N(m) 



<5(/.a(A))-<5(/.. (-^^) )-<5(/.„ 



k,n 

m 



N (r) 00 



70 



ac + 6^6*^ c2 N (r) 






5 {ha (A)) • o-„ /iq 



N(r), 



6N(m) 



N(m)' ^, 



m 



N(m) '' " 



*l^-lt))"^<""(t 



N(r)0o 



N(m)' 



771 



(5(/iq (/i)) • (5 /la 



A^6'c 



ac + bdOl c2 N (r) 



&'NM02y 



N(r), 



6N(r77) 



■ CTu { ha 



N(r)0g 

N(777) 



1 /^a 



N (r) 00 



k,n 
0-« ( /Iq (A) ,ha [^ 

m 



N(m)' ^, 



CT« ( /Iq ( ^ ) , fta (/.t) 
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By ([53]), 

(Ju {ha (A) • Wa (0, 6*0) , Xa {r, m) ■ ha (m) • Wa (0, 6*0)) 



ac + bdel c^ N (r) 



1 N(m) 



N(r), 



feN(m) 



"N(m)' ^, 



But by (|2lT|) . 

/ 1 N(m)\ 

and by dUS]), 



0-« ( /la (A) , /la ( = j j • CT„ ( /Iq ( ^ ) , ha (/i) 



N(m) 



^0 / fc 



1 N(m) 



NW 01 A.„' 



N(to) 



^0 / fc 



N(m) 



N(r)' 



92 , 

^0 / fc,i 



N(m)' ^, 



N(r),- 



N(m) 



This implies that 



Cm {ha (A) • Wa (0, 6*0) , Xa {r, m) ■ ha (m) ' Wa (0, 6*0)) 



ac + bdel c2 N (r) 



c ' b-^fi{m)el)^ 



N(r), 



6N(m) 



N (m) ■ 



)./(^'^''-N|y), 



N(m)- '/,„ 



0-« ( /Iq ( -=- ] , /Iq (a*) 



By dHH), 

o-« (/iq (A) • Wa (0, 6*0) , x„ (r, m) • /i^ (^i) • Wa (0, 6*0)) 

^ '"62N(m)02J 



Cr.u /la (A) , /Iq — 



N(r),-^ 
c 



N (m) ■ 



• cr„ f /iq (A) , /la f ^ j j • CT„ f /iq f ^ j , /iq (/i) ) ; 
thus by (|ill . 

o-„ (/iq (A) • Wq (0, 6*0) , Xc (r, m) • /i^ (/i) • Wa (0, 6*0)) 



ac + bdel c^ N (r) 



fc^N(m)0g;,,„ 



fo^^ 



N(r),-^ -a^ /i„(A),/iJ^ 



fc.n 



■ Cfuihai -=^ j , /la (a*) 

If 5 = 0, then r E k^ . Consequently, d 7^ 0, otherwise m E k^ , which is a case 
we have already dealt with. Consider 



,. ._i ~ f. ^\ ~ ( rOo el 

z{r,m) =Wa{l,^]-Wa[-^,-^ 
V r^ / \ TO m 
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By63D, 

z (r,m) ^Wal-l,— ] -u 
and thus by Lemma 14.41 



r0o _f 
m ' 771 



z'(r, 777) 



(-c/(re'2))(N(?77)/(r4)) N(?77) 



1,- 



2d 



N(777) N(777) 

^3fl2 ' ^2fl2 



^2/)2 



s(h„ 



'Q / k 



6 h 



N(777) 



k,n \ ' "0 ' "0 / k,' 

which is vahd since d ^ 0. By using (j2.13p . 



N(777) 
^2fl2 



N(777) 



^ y , IIL) 


v^' ^^^g^M ^v^n rX 


(I N(77^)^^ ^(^ f N(777) 


This imphes that by (|4.1|), 


z'{r,m) = 




= 


( N(777)\ /^ / N(m)\\" 

V ^0 /fc.n V V ^^0 // 



H -1 



Hence in (|5.4p . 

Cm (/7a (A) • TW^ (0, 6*0) , Xa {r, m) ■ ha (/i) • Wa (0, 6*0)) 

N(r77) 



6ihai\))' 



^0 / k.n 



■M/U-^ 



• (5 Ua - 



r20o 



•^(ft.(M))-^(/^.(^)) 



By 



CTu /1q 






202 /'''Mm 



■5 h 



Oo 



= S i ha 



N(m) 

,.2fl2 



• <5 Ua - 



r20o 



Therefore, 

0-„ (/7a (A) • Wa (0, 6*0) , Xa {r, m) ■ ha (/i) ' Wa (0, 6*0)) 

N(777)~ 



r, - 



92 , 
^0 / fe ,■ 



•<5 /.a = 
777 



<5(/la(A)) 



■(5(/7q (^)) • (5 /7a 



N (777) ^ / c;o 



2fl2 ^'"a \ — 



Aa^^c 
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Thus by dM 



Cu {ha (A) • Wa (0, 6*0) , Xa [r, m) ■ ha i^J.) ■ Wa (0, 6*0)) 



N(m) 



■^0 / k,n 



N(m) 



^u 1 f^a 1 9/t9 I ) '^ct 1 



■5{h. 



5\h. 



X0O 



5 L 



XOo 



HhaiX)) 



6 {ha in)) 



N(m) 



'0 / fc,; 



■ CTu [ ha 



N(m) \ , / (70 

, At, 



^0 



2fl2 '-a — 



771 



cr„ ( /la (A) , fta ( ^ j j ■ «■« [ /Iq [ -=r- ] , ^a (m) 



But by Theorem 1133 



N(m)\ /^o 

^uihai^^j^ Uhai- 



Nim) {eo/m)Si{9o/m) 



r2Q2 



k,n 



N (to) 9q m 1 



v'^Oq 'to, r^ ^0 J k ' 



N (to) 1 \ ^ 



^2/)2 ' ,^2 



and by (^1^ . 



N(to) 1\"^ /N(m) 1\"^ 



r.2fl2 ' „2 



q2 ' -,2 



therefore by ((i?T|) . 



CT« ( /Jq ( __9^9 ) , ^Q ( ^ 



r26'2 



N (to) 1 



^2 ' r2 , 



N (to) ■ 



N(to) 



k.n 



This imphes that by dSHH), 



CTu I /irv ( ^t:^ I , h, 



2fl2 n-a — . 



' VN(to) 
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thus by dHH), 

CT« (ha (A) • Wa (0, 6*0) , Xa (r, to) • h^ i^i) ■ Wa (0, ^o)) 

''' ~ AT/° \ ) ■ <^u{ha{X) ,ha{ zi:]] -o-uihai -^ ] , h^ ifi) 
Our result is proved. D 



CHAPTER 6 



The 2-cocycle of the double cover 



Recall that at the beginning of Chapter 21 we stated that 

'^u = <^^ 

where a S iJ^(G(fc),/X2) corresponds to the non-trivial double cover and n is the 
number of roots of unity of k. Also, by ProDOsition l2.8l we know that without loss 
of generality, we can replace ha (s, t) by (s, t)^, ^ for all s, t £ k^ . 
We know that 

for all s, t G k^ since n is always even for a local field k of characteristic zero. 
Hence, by Proposition 12.81 we have a homomorphism 



(6.1) 






This implies that if we let ^' be the map (s, i)^, ^ i-> (s, t)^, 2 for all s, t e fc^ , then 
we can state that ^'(cti,) = a. 

Using the above as well as Theorem 14. 121 and Chapter [SJ we have the following 
proposition: 

Proposition 6.1. For X, fJ, E K^ , 

a [ha (A) ,ha (^i)) 

(A.,-<52(A)/^o).2, 



(-1,N(A)),, 



fe.2 



A^i (A) 



,A^ 



k,2 



(N(A),N(a*)),,2- \q 



fJ-Si (m) 
<52(A) 



if \, PL e k^ ; 

if X^k^ , ^jLEk^ ; 

if \Ek'^ , p.^k^ ; 

if X, p ^ k^ , Xfi e k^ ; 
otherwise, 



fe,2 



where, if X = a + b9o, ji — c + d9o, with a, c E k, b, d E k^ , 

be 

q = a+ —. 
a 

Also, for (r,m), (r'.m') G A, g, g' € G, 

a {xa {r, to) ■ g,g ■ Xa (r, m)) = a {g, g) , 

a {g, Xa (r, to) ■ g') ^ a {g ■ Xa (r, to) , g') , 

(7 (g, a;^ (r, m)) = cr (x^ (r, m) , g') = 1; 

and 
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(1) G {h^ (A) • w„ (0, 0a) , h^ ip) ■ w^ (0, Oo)) 

= a {ha (A) , ha in)) ■ <T iha (A/i) , ha 

■cr iha f -- j ,ha (-1)) ! 

(2) aiha{X)-Wa{0,Oo),ha{^i)) 



N(/^) 



a (ha (A) , ha (p)) ■ cr [ha (XfJ.) , ha 



n(m) 



(3) a (ha (A) , ha (/i) • Wa (0, 6*0)) = a {ha (A) , /la (m)); 

(4) o- (/iq (A) • Wa (0, 6*0) , Xa (r, m) • /i^ (m) • ""^a (0, 6*0)) 

= S(r, to) • o- f ft-a (A) , /iq f = j j • (T f /iq f ^ j , ha in) 
where for r = a' + b'9o, m — c' + d'0o, a' , b' , c' , d! G k, 

E(r. m) 



70 



-1 



fc,2 



N (to) rOa 



fe,2 



a'c' + b'd'0^ N (r) 



N(m)0oVfc 



N(..,,-M) 



fc,2 



NMA,2' 



if m e k^Oo; 

i/ r, TO, G fc^; 

ifb',c'^0, 
-r9o/m ^ k^ ; 

otherwise. 



Proof. Note that we will use the properties of the Hilbert symbol p.ip - p.7p 
as stated in Section 13.11 We first apply vjf ' to Theorem 14.121 The first four cases 
cannot be further simplified after applying ^'; but when we look at the last case, 
i.e. when A, fi, A/i ^ k^ , we see that by (|3.6p . 



Also, 



By dH, 



*' 



M''(S'(A,A*)) = 1. 
N(5i(/i)) N(A)\ \ / N{6i{fi)) N(A) 



N(<5i(A))' g2 



k.n i 



N(<Si(A))' g2 



fe,2 



*' 



N(>5i(/i)) N(A) 
N('5i(A))' 92 ^ 



N(MA))'^^^lfe,2 



N(<5i(m)) 2 
N(5i(A))'g2 



fc,2 



andsinceN((52(A))/N((52(/i))e (A:'^)^ by (IXHll . 



vl/' - 



N(<5i(/i)) N(A) 
N(5i(A))' g2 ^^_^^^ 

Hence by ([5^ . 

N(<5i(/x)) N(A) 



*' 



Nl-JilA))' ^ ^,2 



n(m) 



N(^2(A)) 
N('52(a*))' ^^0,^2 



N(^i(A))' g2 



A;,n , 



N(A)'"'^« 
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thus using ((X^ and (jXTj) . 

// n(Mm)) n(a)- 

l^V N(^i(A))' g2 ^^^ 
Consequently, for A, /i, A/i ^ fc^ 

*'K(/la(A)>„(M))) 
= Cr(/la (A) ,ft.a (/^)) 



(N(M),N(A)),2-(N(A),N(/i)),, 



*' 



N(^i(m)) N(A) 
N(5i(A))' g2 



•*' u, 



k,n t 



^^Sl (m) 

<52(A) 



*'(S'(A,A.)) 



= (n(a),n(a.)),2. U, 



M*^! (m) 

<52(A) 



fc,2 



Clearly for g, g' £ G{k), 

a {xa {r, to) • g, g ■ x^ {r, m)) = a {g, g) , 
(T {g, Xa {r, to) ■ g') ^a{g- x^ (r, to) , 5') , 
a {g, Xa [r, m)) ^ a {xa [r, m) , g') = 1. 
At the beginning of Chapter [SJ we showed that 

(Ju {ha (A) • Wa (0, 6*0) , ha (a*) ' Wa (0, 6*0)) 

Cfu{ha{\) ..hai-]] ■ (Ju i ha i j , ha (-1) 

CT„ {ha (A) , ha {^^)) ■ CTuiha (A/i) , ha i , , 

• CT„ f /Iq f -- j ,/Iq (-1) 

By applying ^' to the above, we see that 

a {ha (A) • Wa (0, 6*0) , ha (/i) • Wa (0, 6*0)) 

a iha{X) ,hai-j] ■ a ihai j , ha (-1) 

(7 (/Iq (A) , ha (/i)) • Cr I ^a (A/i) , /Iq 



n(m) 



Cr ( /(-a ( -= ) ,/la (-1) 



But for any s E K^ , r E k^ , 

cT{ha{s),ha{r))^l^''''^^'^' if s G fcx ; 

^ ^' ^" \{r,~S,{-s)/eo),,,, iisik\ 

Also, as cr e H^{G{k),fi2), cr = cr~^ Hence by (IXTj) . 

cr (/(,Q (s) , /Iq (r)) = cr (/i^ (s) , /i^ (r))" 

_ f(*'''"^)fe.2' iisEk' 

~\{r-\^S2{s)/0o),^^, iisik> 

= Cr(/la (s) ,/la (^"^)) ■ 



if /i G fc^ 



li nik^ 



if /i G fc^ 



if 



a ( he (A^) , ha ( 77777: ]] ^ <y [ha (A^) , /i^ ( — 
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Thus, for ^ e /c^, 

(J {ha{\) ,ha{-\\ = (T{ha (A) , h^ (m)) • 

Also, using previous results in this proof, for /i e fc^. 
This implies that we can state that for any A, /i G iiT^ , 

a {ha (A) • Wa (0, 6*0) , ha (/i) • Wq (0, 6*0)) 

= a {ha (A) , ha {(i)) ■ cr (ha {XfJ.) , ha i . j j • o- f /Iq [ -= ) , ^Q (-1) 

By the same token, it possible to show that for any \, i-i E K^ , 
a {ha (A) • Wa (0, 6*0) , ha (a*)) = c (^a (A) , ha (a*)) ' ct I ^q (A/i) , /l, 



and we already know by definition that 

*'(cr„ {ha (A) , /la (/i) • Wa (0, 6I0))) = (T (/l^ (A) , /l„ {^i) ■ Wa (0, 6*0)) 

= ^'{au {ha {X), ha {(!))) 
= (7 {ha {X),ha (/i)) . 

Thus, all we need to do now is to show explicitly what 

*'(ct„ {ha (A) • Wa (0, 6*0) , Xa {r, m) ■ ha {^J.) ■ Wa (0, 6*0))) 

is, for {r,m) G A, where we let r — a' + b'9o, m = c' + d'9o, a', b', c', d' £ k. By 
Proposition 15. 11 we know that 

*'(CTu {ha (A) • Wa (0, 6*0) , Xa (r, m) • ha {^J.) ■ Wa (0, Oq))) 
= a {ha (A) • Wa (0, 6*0) , Xa {r, m) ■ ha (^i) • Wa (0, 6*0)) 

= *'(S„(r, m)) • a (ha (A) , /i. r^") V a ("/i^ (^\ , /i„ (a*) 

where E„(r, to) is as described by the said proposition. We will need to look at 
\l/'(E„(r, m)), specifically in the cases in which the Hilbert symbols can be further 
simplified, i.e. when r, m E k^; and when 6', c' ^ 0, —rO^i/rn ^ k^ . 
When r, m (z k^ , 

Using dMj), 

^'{J:^{r,m)) = {r,-Ol),^,- (r,^^ ^^; 

hence, 

by dSll)- Also, when 6', c' ^ 0, -rOa/rn i k"" , 

a'c' + b'd'el c'2 N (r) \ / , , fo'^^ 



6'2 N (m) 6*2 



/ fe,2 



N,.-,.-^)^ 



By em, 
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a'c' + b'd'6l N(r) \ fa'c' + b'd'el c'^X 



vl/'(l]„(r,™))= — ^,-— ^ • '^.-\ 



N(m)^§A,2 V C '6'Vfe, 



2 



'' / fe.2 



thus 



a'c' + 6'd'6l2 N(r) X^ ^^^^ ^^^ 6^^ 

c' 



*''^"'^""''^'^^'-m^j./r'^'' c,,. 



by (13.61) . Thus our result is proved, letting S(r, to) = \E''(S,i(r, ?7i)). D 

Remark 6.2. We should note that the formulae for cr (/ic (A) , /la (/.t)) may be 
written in terms of norms and traces. This is because forA€if^,A^/c^, 

(52 (A) _ 1 1 



Oo (A - A) 00 Tr (A^o) ' 

hence by Proposition 16. 11 for A, /i e K'^ , 
a {ha (A) ,/la (^)) 

'(A,Ai)fe,2' ifA, /lefc''; 

^'^(k)),/ ifA^fcx^M€fcX; 

^'^rr^) ' ifAefc-,M^fcX; 

(-l,N(A)),,2.f-;^^^,AA*) , ifA, A*^fc^A/iefc> 

fc.2 



Tr(A0o)^ 
Tr (Aa^6>i 



/.T/^^ .T/ NN ,'Tr(AAi6'o) Tr (Ae'o) N (/i)\ 
(N(A),N(/i)),.2. — ^-^, 1.^ "^, ;' , otherwise. 



fc,2 



By (231) and (ED), 

cr(/la (A), /la (ai)) 
(A,M)fc,2' 



(Tr(A0o),M)fc,2' 

(A,N(M)),.2.(A,Tr(M0o))fe.2, 

(N(A),-AM),.,2-(-Tr(A0o),AM),.,2, 
Tr(A0o)N(A*) 



(t^ (\ fi\ Tr(Ago)N(M) ^ 

When X e k^ , fj, ^ k^ , we have by ([5T7| that 

(A,N(/i))fc^2 = (A,/i)^2. 
Also, when \ ^i (^ k^ , \^i e k^ ,hy ((XT)) and ((X^ . 

(N (A) , -AAi)fc.2 = (A, -AAi)K.2 = (A, m)k.2 





if A 


^i€k'^ 








if A 


ik\^. 


efcX; 






if A 


efc^A* 


^fcX; 






if A 


M^fcx 


A/iG 


k 


fe,2 












otherwise. 
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Thus with the above, p.6p and 
a {ha (A), /la (/i)) 

(^'M)k.2- (^>Tr(^e'o))fe_2> 

(•^>m)k2- (-Tr(A6'o),A/i)^2' 
(N (A) , N i^i)), 2 • (Tr (A^o) N (m) , Tr (^.^0))^ 2 
. • (TV (A/i0o) , - Tr (A^o) N i^i) Tr (A^^o))fe,2 , 
which is the formula given in the Introduction. 

Proposition 16.11 may seem comphcated and unwieldy, but in fact, it can be 
further simplified. Let 7^ G G{k), where i = 1, 2, 3, with 73 — 7172 and 



if A, fi e k'^; 
if A ^ fc^, ^ e k^; 
if A e fc^, /i ^ fc^; 
if A, fi ^ k^ , Xfi € k^ ; 

otherwise, 



^(7. 





/ * 


* 


* 1 




It 


= * 


* 


* 






V5^ 


/l. 


^■J 




.) = 




)-\ 


if 
if 


5. = 0, 


(A,- 


-M)fc,2' 






if A, ^ e fc^; 


(N(A),~N 


(a^)) 


fe,2 ' 


otherwise. 



Also, let 

and for X, fj, £ K^ , let 

u (A, ^i) 



Then a can be expressed in terms of Hilbert symbols involving ^(7i) and u(A,/i) 
as shown in the following theorem. It should be noted that ^(7^) is analogous to 
Kubota's ^(7) (7 G SL2(A:)) as defined in ^, which was used in the formula for 
his 2-cocycle on SL2. 

Theorem 6.3. //X(73)/(X(7i)X(72)) G k"" , then 

'^2(^(73)) N(X(72))(52(X(72)) 



-(7-^^)-('f|5|,^(7.)^(72)^ VMX(72))' 

^(73) ^2 (^(71)) '^2 (^(72)) 
.^(71)^(72)' (52 (X (73)) 00 

//X(73)/(X(7i)X(72))^fc-,/et 

^253 - /1352 



^2(^(71)) 



fc,2 



fc,2 



T/ien we have 

cr(7i,72) = 



r = r(7i,72) 
rX(73) 



N(r), 



X(7i)X(72) 
^2(r 



'(7',N 



.2'H''^^^^'^(72) 



51 32 

rX(73) 
X(7i)X(72 

^(73 



fe,2 



"'isi-'^<-> 



^2 (X(73)/(X(7i)X(72))) 
'52(^(73)/^(72)) ' 

N (X(73)/(X(7i)X(72))) 82 (X(73)/(X(7i)X(72))) 
52 (^(71)) 

'^2 (^(72)) N(X(72)),52(X(72)) \ 

'^2(X(73))' <52 (X(73)/X(72)) ^.2- 



fc,2 
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Proof. We first note that we want to use the matrix entries of 7^ in the formula 
for our 2-cocycle much in the same way as Kubota did (see [9]) in his theorem for 
the 2-cocycle on the group SL2. The matrix entry used depended on the Bruhat 
decomposition and which Bruhat cell the matrix belonged to; the choice made was 
considered using the bottom row of the matrix only. 

In our case, we can do the same thing as there are only two Bruhat cells to 
consider (see Section [L^ . just like the SL2 case. Looking at (jl.31) and p.4L it is 
clear that the Bruhat cell a matrix in SU(2, 1) belongs to depends on whether the 
(3, l)-entry is non-zero, and a choice can be made as follows. With 

* * * 
7i = I * * * I e G(fc), 
V5i hi ju 



i = 1, 2, 3, and 73 = 7172, let 



{mOo)-\ if 5. 7^0; 



-1 



[ji iigt^O. 

Note that for any Xa (si,ni) e N{k), 7 G G{k), 

X{xa isi,ni) ■ 7) = X(7) = X(7 • Xa (si, ni)). 

We will have to prove this theorem in a few steps. We first find a simplified 
formula for the 2-cocycle on the torus T'(fc), written in terms of X(7i)'s. We then 
look for similar formulae for each of the cases (1) - (3) of Proposition 16. II We will 
also look at case (4) of Proposition 16.11 finding a simplification of I]{r,m). It will 
then be apparent how the formulae coincide. 

We will often use the properties of Hilbert symbols (13. ip - (j3.6p to simplify 
expressions in terms of Hilbert symbols. We will use these properties mostly without 
mention throughout the rest of this proof. 

Throughout this proof, let X, fj, & K^ , X' — a + b9o, n' = c + d9o, where a, b, 
c, d £ k^ and A'/u' ^ k^ . By Proposition 16. 11 we have 



a {K (A') ,K(.i^')) = (N (A') , N (m')),,2 • I 9, ^^^^ 



where q = a + bc/d. This implies that 

S2 (m') 



k,2 



9 = 



52 (Ay) ' 



and 

a(/ia(A'),/ia(Ai'))-(N(A'),N(/i'))fe,2 
For any X, fi e K^ , let 

Fi(A,M) = (N(A),N(/i)),,2 



82 {ti') n{^^')52{^^'y 

fc,2 



h (AV) ' <52 (A') 



82 {y) N{^^)S2{^l) 



S2{Xfi)' 62 {X) 7^2 
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Then we have 
Fi(A,m) 



A^'^o 



^•■2 V<52(A/i)' S2iX)y,, 

(N (A), N (,)),,, ^^^(^) ^('^)^^(^) 
(N(A),N(a.)),^2 



^0 ' S^iX) ,,,2 



^2(AAi)' ^2 (A) 



if A, ^ e fc^; 

ii X ^ k^, ^ e k^; 

if A e fc^, ^ ^ fc^; 

if A, fi ^ k^ , Xfj, e k^ ; 

ii X, ^, Xfi ^ k^ . 



k.2 



Using (j4.6p and the properties of Hilbert symbols p.ip - p.6p . we can simphfy 
Fi{X,fi). Only the case where X, fj, ^ k^ , X^ £ k^ deserves some elaboration. 
Noting that 



Xfj, Xfj, y 

''^T^NiAy^' 



we have 



Fi(A,/i)- N(A), 



(A/i)^ 



N(A)/,,2 

(N(A)/(Am))<52(A) ((Aa.)VN(A))(N(A)/(Aa.))^2(A) ' 
^0 ' '52 (A) 



fc,2 



Also, note that $2 (A) = —(52(A). The above can then be simplified using the 
properties of Hilbert symbols. We will get 



Fi(A,m) 



M, 



^2 (A) 



■^0 / fc 2 

N(/i)(52(M) 



(-1,N(A)),2. 
(N(A),N(a.)),, 



n'(A) 62 (A) 



,A^ 



d^2(A*) N(a.)52'(m) 



j2{Xfi)' (52(A) y^2 

By comparing Fi{X, fi) with Proposition 16. 11 we find that 

iX,fl)^. 2 , if A, /x e fc^; 



if A, ^ € /c^; 

if A ^ fc^, ^ e fc^; 

if A e fc^, /i ^ fc^; 

if A, /i ^ fc^, A^ e fc^ 

ii X, fi, X^ ^ k^ . 



a {ha (A) ,/la (^)) = 



In fact, if we let 



wi(A,^) 



then 



CT {ha (A) , /la (^)) = Mi(A, /i) 



Fi(A,^), otherwise. 

(A,^)j,2, ifA, ^efc^; 

(N(A),N(/x))^_2' otherwise, 

(52 (a^) N(a.)(52(m) 



(52 (A/i) ' (52 (A) 



fc,2 
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Note that 

Xiha, (A)) = A, X{h^ {^l)) = fi, X{h^ (A) • h^ i^i)) = Am, 

so we truly get a formula in terms of ^(7i) on the torus. Also, by Proposition 16. 11 
a {ha (A) , ha (ju)) = o- {ha (A) , ha (m) • Wa (0, 6*0)). We note that 

X{ha {^J.) ■ Wa (0, 0o)) = fl, X{ha (A) • ha {p) ■ Wa (0, 6*0)) = A/i, 

i.e. for 71 e T(fc), 72 G T{k) ■ W, 

^^ . ^ rrr ^ rr ^^ ,'^2(^(72)) N(X(72))52(X(72)) 

•2) o-(7i,72) =-ui(A(7i),A(72)) 



<52(X(73))' '52(X(7i)) /m' 

Note that (J6.2I) can also be applied to any 71, 72 G G(fc) such that ^(73) 
X{'-fi)X{'-f2)- This is due to the Bruhat decomposition and Proposition 16. II 
We now consider case (2) of Proposition l6.ll where 

a- {ha (A) • Wa (0, 6*0) , ha (/i)) = Cr {ha (A) , ha (/l)) ' CT I /1q (A^) , ho 



Using Proposition 16.11 and the properties of Hilbert symbols p.ip - p.6p , we get 

a {ha (A) • Wa (0, 6*0) , ha {p)) 

(A,Ai)fc.2, ifA, AiGfc^; 

^0 / fc,2 



= < 



A S2 {^i) 



^M' 



^0 / fe,2 



A* G fc""; 
if AG fc''. 



(-l,N(A)),,.f^,AM) , ifA,A.^fc^ 

^ '"'^'^VmAMa^^'^^^Ta^A.' ^^^'^'^^^^^ ■ 

We have 

X{ha (A) • Wa (0, 0o)) = A, X{ha 0^)) = M, 
X{ha {\) ■ Wa {0,eo) ■ ha {fi)) ^ X/Jl. 

Just like the 2-cocycle on the torus, we will find a formula for (7(71,72), 71 G 
T{k) ■ Wa (0,6*0), 72 G T{k), in terms of X(7,)'s. By dM]), we have 



<52(Ay)^<52(^4-N(A.') 



N(A^') ' 
which implies that 

<j{ha{X')-Wa{0,eo),ha{fl')) 

The above can be simplified using the properties of Hilbert symbols, so that we get 

a{ha{\')■Wa{Q.eo),ha{^l')) 

_( n{\')52{\')52{ti') ,\ ( 52 {ti') ^{p')52{p') \ 

\ S2{x'/lF)eo ' ^'^Vm V'^(^'/^' ^^('') A-/ 
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^.(A,M)H'^^^^^l^^^>N(,)^ ( ^^(^) ^('^)^^(^) 



Let 

^''^^'^^^\5^{\/li)e, "-^'^Vm V<52(a/7i)' 52(a) ,,_2 

It is possible to check that when X, fj, G k'^ , F2{X, fi) — 1, and that 

fh f\\ (n a \ u ( \\ /(•A'^)fc2' if A, Ate fc^; 

li'2(A,^), otherwise. 

Thus we can get a similar formula 
a {ha (A) • Wa (0, 6*0) , ha (^i)) 

62{^l) ^{^x)52{^x)\ ( i 52(A)(52(m) 



""'^^'^^ V'^2(A/7I)' 52{\) A,2 VN(/i)' '^2(A/7l)0oA.,2' 
i.e. for 71 e T(fc) • w^ (0, ^o), 72 e T(fc), 

'^2(^(72)) N(X(72))(52(X(72))^ 



•3) Cr(7l,72) = Ml(X(7l),X(72)) ^ . f^i ^^, c .^. XX 

V'52(^(73)) 62(^(71)) /fc,2 

^(73) ^2 (^(71)) '^2 (^(7 2))' 

X(7i)X(72)' <52(X(73))0O /,.,2 

Intact, (|6.2I) can be subsumed into (16. 3p . since for 71 G T(fc), 72 € r(A:)-VF, we have 
X(73)/X(7i)X(72) = 1; hence using (|6.3p to calculate cr (71,72) will give the same 
answer as (|6.2p . Also, it can be checked that (|6.3p can be applied to any 71, 72 such 
that X(73)/(X(7i)X(72)) = 1 or 1/N(X(72)), using the Bruhat decomposition 
and Proposition 16. II 

We also have, by Proposition 16. 11 



a {ha (A) • Wa (0, 6*0) , ha (/i) • Wa (0, 6*0)) 

= O {ha (A) , ha {flj) -(7 [ha (A^) , ha ^- , . ] ] ■ CF [ ha [ - -] ,ha (-1) ) , 



n(m);; V V p 



I.e. 

cr (/la (A) • Wa (0, 6*0) , ha {fl) ■ Wa (0, 6*0)) 



'(-A, -Ai)fe.2> ifA, ^efc""; 

if Aefc^, 



"^0 / fc,2 

A S2 {^l) 



N(Ai)^ Po /fe,2 

^2^ 

'0 / /c,2 

N(A)<52(A),52(/i) 



(-1,-1)^2- ( ^— ,Am) , ifA, Ai^fc 



X 



62 (A//i) b'o / fe 2 

52{p) N(ax)52(m) \ 

52{X/-py (52(A) ^^2 \ >^U /fe.2 



f-1,-^^^) , ifA,,.,A,.^fc> 



Note that 

X{ha (A) • Wa (0, 0o)) = A, X(/la (/i) • «;„ (0, 0o)) = Ai, 

X(/la (A) • Wa (0, 0o) • /la (m) ' W^a (0, ^o)) = -A/^I. 
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By glD, 

hence we get 

a [K (A') • w^ (0, Oo) , K ili') ■ Wo. (0, 0o)) 

( i_ ^2(V)W) \ 

i^ N(m')' 52 (-A'/mO 00^,2 ' 
Let 

A ^ 52(A)(5^(t) \ 

V N(m)'<52(-A/7I)0oA,2' 
It can be checked that i^3(A, /i) = 1 when A, /i e fc^ , and that 

a (/i„ (A) • w^ (0, 0o) , h^ (/i) . «;„ (0, 6,)) = | ("^' '^^'^^^ ' ^^^' '' ^ ^' ' 

li'a^A, /x), otherwise. 

In other words, if we let 

y^ , l'(-A,-/i)j^2' ifA, ^e/c^; 

"'^ '^^ [(N(A),N(/i))fc2' otherwise, 
then 

a {ha (A) • Wa (0, 6*0) , ha (/i) • Wa (0, 6*0)) 

rA ^ f^llH^ N{p)5,{p) \ f 1_ MA^iMA 

""'"^ '^^\5A-X/Jiy '52(A) A^/V N(/.)'<52(-A/7l)0oA,2' 
i.e. for 71, 72 e r(/c) -Wa (0,6*0), 
rfi4^ ^r^ ^^ „ (X(-.) X(-.)) f ^^i^i^^)) N(X(72))'52(X(72)) \ 

(6.4) .(71,72) = U2(x(7i),x(72)) • (^^^(Y(;^. sA^^:^) ),,, 

( ^(73) M^(7i)lM^(72))\ 
■U(7i)X(72)' ^2(^(73)) 00 A.,2' 

Again it can be checked that for any 71, 72 G G{k) such that X(73)/(X (71)^(72)) = 
-1/N(X(72)), dSH) can be apphed. 

We now fook at case (4) of Proposition 16. 11 i.e. where 

<T {ha (A) • Wa (0, 6*0) , Xa {r, m) ■ ha {n) ■ Wa (0, 6*0)) 

= T.{r, m) ■ a iha{X) ,haizz:j] ■ cr iha i r=- ] , ha (/i) 
We have 

X{ha (A) • Wa (0, 6*0)) == A, X{xa (r, m) • ha {^J.) ■ Wa (0, 6*0)) = /i, 
X{ha (A) • Wa (0, 6*0) • Xa {r , m) ■ ha {n) ■ Wa (0, 9(i)) = ^^. 

ra 
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In all the previous cases, it is apparent that for any 71, 72 € T{k) ■ W, we have 
X{j3)/X{ji)X{'^2) G k^ ■ We want to find out if a simplified formula exists and 
be similar to ^^, dO]) and (EH) if 



X{ha (A) ■ Wg (0, 6>o) ■ Xg (r, m) ■ hg (^) ■ Wg (0, gp)) _ ^ , x 
X{hgiX) ■Wa{0,9o))X{xa{r,m) ■ hg{^j,) ■Wg{O,0o)) m 

So assume Oq/tJi e fc^. This implies that r = and m e k^O^. By Proposition 16. II 
and after simplifying, we have 



a {hg (A) • Wg (0, 6*0) , a;^ (0, m) • ft-c, (m) ' Wg (0, 6*0)) 
A^o , 

"^ / fe,2_ 

/i6'o (52 (A) TO 



771 ' 6'q 

A^ N(^),52(Ai) 

TO 



k.2 



(-1,N(A)),2 
% <52(A) 



•^^0 / k,2 

N(A)<52(A)to A^6'o 



^2 
^0 



fe,2 



(N(A),N(m)),2- 



(^2 {Xfi9Q/m) 
^ (52 (A) .52 (a^) \ 

to' ^2 (A^6'o/TO)0o/fc,2 ' 

For any X, n e K^ , to e A;^6'o, let 



'^2(/^) N(a.)(52(a/) 

.52(A) 



fc,2 



if A, ^ e fc^ 
if A^ fc^, 

if AGfc^, 
fi^k""; 



if A, ^^ /c^ 
A/i G A:^; 



if A, /i, A/i <^ k' 



12. 

TO 



<52(m) 



N(m)^2(m) 



i^4 A,M,= = (N(A),N(a.)),2 (_,,. ^,_,, ^ ,,, 

^ .52 (A) ^2 (/i) 

to' .52 {Xfi9o/m)9oy ^2 



Then we have i^4(A, /i, Oo/m) = 1 for A, /i G A:^ , and 

Cr (ft-a (A) • Wg (0, 6*0) , Xc (0, to) • /la (m) ' Wg (0, 6*0)) 




if A, /t G k^ 
otherwise. 



So if 



W3 A,/i, — = 

TO 



^^,— A/i) , ifA, /iGfc^; 



fe,2 



(N(A),N(/i)),, 



2 ' 



otherwise. 



then 



a {hg (A) • u^a (0, 6*0) , Xg (0, to) • /i^ (/i) • Wg (0, 6*0)) 



"3 A,/i, = 



o\ / S2{ti) N{fi)S2{ti)\ f9o .52 (A) .52 (m) 



'Ti' J \S2 {XfJ-9o/m) 



<52(A) 



fe,2 



to' .52 {Xfi9o/m)9Qj ,^ 



fe,2 
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In other words, if 71 E T(k) ■ Wa (0, Oq), 72 € Xa (0, m) • T{k) ■ Wa (0, Oq), m e k^Oo, 
then 

(6.5) cr (71, 72) 

X(73) \ f52{X{-i2)) N(X(72))<52(X(72)) 



"'' ^^'^' ^^'^'X(7i)X(72); V'^2(X(73))' <52(X(7l)) A,2 

^(73) (52 (^(71)) '^2(^(7 2))^ 

X(7i)X(72)' 52(^(73))^0 /fe,2 

and we observe that (j6.5p may be apphed to any two elements 71, 72 G G{k) such 
that X(73)/(X(7i)X(72)) = 9Q/rn G k^ . (Note that using the properties of Hilbert 
symbols, we can show that if Oo/ln = 1 or 1/ N (/i), then W3(A, /i, Oo/rfi) = ui(A, /x), 
and if 9o/fn = — 1/N(^), then u^lX, fi,9o/rrT) = U2{X,fJ.).) 

As we can see, (|6.3p . (|6.4I) and (|6.5p each differ from each other by a factor, i.e. 
if 7i, 72 G G{k) such that X{j3)/X{ji)X{'^2) G ^^, then we want a function 

u'(X(7i),X(72),X(73)) 

'^(73) 



^^^^y -X(7i)X(72)j , if X(7i), X(72), X(73) e /cX; 

_ (N (X(7i)) , N (X(72)))fc,2 ', otherwise^ 
so that 



'52(^(73))' ^2(^(71)) 

^(73) <52(^(7l))'52(X(72))~ 



fc,2 



,^(71)^(72)' ^2(^(73)) 00 A,2 

But we have, using the properties of Hilbert symbols, 

^(73) 



N [xji^) ' - N (^(71)^(72)) j ^ = (N (X(7i)) , N (X(72)))fc,2 

for any X(7i), ^(72), ^(73) £ K"" such that X(73)/(X(7i)X(72)) G fc^. These 
remarks bring us to define for any s, t € K^, 

\(N(s),-N(t))j^2' otherwise, 

so that we have 
(6.6) 

( \ /^^(^3) ^. .^. A ^-52(^(72)) N(X(72))52(^(72)) 

c^(7i,72) = w -TTT — r,A(7i)A(72) ' 



^(72)' '"' "'') \S2{X{j,)y <52(X(7l)) /fe,2 

^(73) 52{X{ji))62{X{j2)) \ 

X(7l)^(72)' <52(X(73))0O A,2' 

(|6.6p obviously is only defined when X(73)/(X(7i)X(72)) € k^ , which implies that 
we need to find a different formula for the case when X(73)/(X(7i)X(72)) ^ k^ . 
We still have yet to look at 

a (ha (A) • Wa (0, 6*0) , Xa (r, to) • ha in) ■ Wa (0, 6*0)) , 

where r 7^ 0. What we first need to do is to find a formula for E(r, m), where 
S(r, TO.) is as defined in Proposition 16. II As E(r, to) depends on whether r, m and 
—r0Q/rn lie in the subfield k, we should find a formula which only involves these 
three values. 
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Recall that for {r',m') G A (see ^^), r' = a' + b'Oo, m' = c' + d'0o, a', 6', c', 
d' e k, b', c' 7^ and -r'0o/m' i K^ , 

N(rO \ 
N(m')0oVfe,2 



S(r',m') 



a'c' + h'd'el 



N(r'): 



h'el 



fc,2 



Since c' = — N (r') /2, this implies that 

2{a'c' + h'd'el) N(r') 



E(r',m')=(-- 
Also, we have 



N(r') ' N(m')6'2 



fc,2 



N(r') 



26'6i2 



N(^')A,2 



r'^o 



"^^ ^^ -* 26'6lo ' ^^ ' ^^ I '^<"'-' -^ ^'-^"^2 



N(m') 



Thus, 



E(r',TO') 



m' y 2(a'c' + 6'rf'6l2)6lo' 
N(to') N(r') \ 



N (r') ^2 (-r'0o/m') 0o ' N (to') B}, 



N (r') , - 



fe,2 



N(r')<52(r')A 



and simplifying the above, we get 



v/ / /^ /^ (^2 {-r'9o/W) I r'Wo 
S(r ,TO ) = ,N ( -^ 



In fact, if we let (si,ni) G A with si 7^ 0, and 



^5(si,ni) 



S2 (-si6'o/ni) 



N 






k,2 



k.2 



N,/),^ 



N(si), 



(52 (Sl 



*:,2 



^0 / fe.2 



then we can check that 

S(r, TO,) — F5(r, m) 

for any (r, tti) G A, r 7^ 0. 

So this implies that by Proposition 16.11 and (|6.6p . 

(6.7) cr {ha (A) • f^Q (0, 6*0) , Xa (r, to) • ha {^i) ■ Wa (0, 6*0)) 

= I](r, m) • cr ( /iq (A) , /iq ( zz ] ] • cr f ^a f -r=- j , ha (fJ.) 



52{-r9o/rn) ^ / r9o\\ f 

^0 ' V "l//fc,2 V 


N(r), 


(52 ( 




I)) , 

1 /fc,2 


A A0O 
u A, 

\ TO 


<52(^o/m) n{eolm)62{e^/m)\ 




fX0o A/i0o\ 


d2{X0o/m)' 62 (X) A,2 




\ m m J 


(52 (/i) N(m)<52(m)A 




<52(A/XV^)' '52 (A^o/m) A,2 





We want to show, for every 71, 72 G G{k) such that Af (73)/(X(7i)X(72)) ^ k^ , 
that cr (71, 72) can be calculated using (|6.7p . We will also find an expression for 
c (71, 72) only in terms of the bottom row entries of 71, 72 and 73 = 7172. 

Assume that X(73)/(X(7i)A"(72)) ^ k^ . It is obvious that ^^(7^) for each 
I = 1, 2, 3 is never zero. Let 
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Then by the Bruhat decomposition (|1.3p . 

li^ Xa i -3:, — ]■ ha [ =T- I -Wa {0,9o) ■ Xa[ —,— 

\ 9i 9iJ \9iOoJ \gi 5» 



By Proposition 16. 11 

0-(7l,72) = CrI Xq I -^,— ] ■ ha [ ^—- I -Wa (0,6*0) ■ Xa i —,— 

V \ 91 91 J \9i9oJ \9i 91 

- = , ] -ha [ ^—- ■ Wa (0, Oo) ■ Xa[ , — 

92 92/ \92O0J \92 92 

0-( ha ( =7-) -Wa (0,6*0), 

Xa [—,— ]■ Xa i - = , — ]■ ha [ ^-r- I • Wq (0, 6*0) 

\9i 9iJ \ 92 92 J \92O0J 



Let 



fhi ji\ f d2 a2\ (hi d2 ji ^ hid2 , 02 

Xa [r, m) ^ Xa [ ,— ] -Xa [ - = , ^ Xa [ =, 1 1 

V5i 51/ V 92 92J \9i 92 91 9192 92 



Then we have 



Ts ^ I * * * 

^'m.gig2 -rgig^/g2 + mgih2 gi/'gi + rgih2/g2 + mgiJ2^ 

Xij,) 1 - ^(71)^(72)^0 



mgig20Q 



Since X(73)/(X (71)^(72)) ^ k"" , this imphes that ^q/to ^ k"" , i.e. r ^ 0. 
Hence we use (|6.7p so that 



. ^ , ^^2 (-rX(73)/(X(7i)X(72))) ^ rX(73) 
cr(7i,72)= 7 ,N' 



X(7i)X(72) 



fc,2 



M^ ^ '^2(r)\ / , , X(73)\ /X(73) ^, , 

^2 (X(73)/(X(7l)^(72))) 
62 (X(73)/X(72)) ' 

_ N(X(73)/(X(7i)X(72)))^2(X( 73)/(X(7i)X(72)))- 

^^2 (^(71)) / k,2 

S2 (^(72)) N(X(72))J2(X(72) )' 

-^2(^(73))' ,52 (X(73)/X(72)) ,,^2 

We could just let r = hi/gi — ^2/52, but there is another way to calculate r 
from just the bottom rows of the 7i's. We have 

53=m-5i52, h:i = \-mg1h2, 

92 

and rearranging the above, 

h293 - /1352 

f — ^ • 

5152 

Thus our result is proved. D 
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Remark 6.4. Recall that in Lemma [4.101 we established that the commutator of 
the 2-cocycle cr„ on the torus T(fc) was, for A, /i G K^ , 

Since (t„ = a, we can calculate the commutator of the 2-cocycle a on T(fc). Since 
(*'0^n = (*j0_r-2 fo'" ^11 s, i e i^^, we have 

But using (|3.ip and p.6p . we get 



Part 3 

The local Kubota symbol 



CHAPTER 7 



The compact open subgroup on which the 
quadratic 2-cocycle spUts 

We have a 2-cocycle a on G(fc), where fc is a local field. In the case that k is 
non-archimedean, there is a compact open subgroup Fp on which a splits, i.e. 

crU ~ Ok, 

where k : Fp — > I-P2 is a 1-cochain. Note that k is not quite unique, since it may be 
multiplied by a homomorphism Fp -^ fj.2- The function n is called a local Kubota 
symbol. In this chapter we shall determine the compact open subgroup Fp on which 
a splits. 

For the rest of this chapter, let fc be a local field, and K — k{9o) be the quadratic 
extension of k. Also, we will let p denote the maximal ideal of k. p may be odd 
or even, depending on k. When K/k is ramified, we will assume that ^o is a prime 
element of K. 

In addition to unramified and ramified extensions, we will also need to consider 
split extensions, i.e. K = k (B k, when establishing the compact open subgroup on 
which a splits for a given extension K/k. This is so that we can consider the adele 
group in Chapter [8] We will obtain the following theorem: 

Theorem 7.1. Define a compact open subgroup Fp of G{k) as follows: 

{G{Ok), if p is odd and unramified (either inert or split) in K ; 

G{Ok,Oo), if p is odd and ramified in K; 
G(C'fc,4), if p is even and split in K, 

where G{Ok,Oo) is defined as in (j7.ip and 0(0^,4) is defined as in (|7.2p . Then a 
splits on Fp . 

The rest of this chapter is a proof of the above theorem. 

7.1. The odd primes 

K/k is either unramified, ramified or split. We will look at each type extension 
in turn. 

7.1.1. The unramified extension. In [5], Deligne constructed for any re- 
ductive group G over k a canonical central extension 

-^ H^{k,Z/n{2)) — ^ E{ck) — ^ G{k) -^ 1. 

In the above, Z/n(2) = lJ,n~'^, and in the case that k contains an n-th root of unity, 
H^{k,Z/n{2)) is canonically isomorphic to ^„ (see 5.4 of [5]). 

Suppose now that G is defined over the valuation ring Ok in k. Deligne shows 
that when G is semi-simple and simply connected over Spec{Ok) and n is not 
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a multiple of p, the functoriality for the map Spec(fc) — > Spec(Ofe) reduces to a 
splitting 

G(Ofe) 



^ H^{k, Z/n(2)) ^ E{ck) ^ G(fc) ^ 0. 

In the case that K/k is unramified, we shall show that G is semi-simple and 
simply connected over Spec(Ofc), and that Deligne's extension is the same as Deod- 
har's when n is the number of roots of unity in k. Hence Deligne's splitting shows 
that we may take Fp = G{Ok) in Theorem 1 7. II 

Lemma 7.2. G is semi-simple and simply connected over Spec(C'fc). 

Proof. We recall that this means that G is semi-simple and simply connected 
both over k and over the residue field Ok/p- The conditions of being semi-simple and 
simply connected over a field are unchanged when one passes to a field extension. 
It is therefore sufficient to show that G is semi-simple and simply connected over 
the algebraic closures k and Ok/p- 

Over fc, we have an isomorphism of algebraic groups: 

G%SL3. 



The same isomorphism holds over Ok/p- To see this, note that for any (Ok/p)- 
algebra A, we have 

GiA) = {,^e SLsiA ^r, Fp2) : i^Kj'v = J'}, 

where J' is defined as in Section 11.11 When A is an algebra over the quadratic 
extension Ok/{pOk), the tensor product A(^Q^/p Ok/{pOk) splits into a sum of 
two copies of A, which are swapped by conjugation in K/k- Choosing one of these 
copies gives an isomorphism G{A) — >■ SL3(A). 

Now since SL3 is semi-simple and simply connected, it follows that G is also 
semi-simple and simply connected. D 

Note that when p is ramified in K, the group G over Ok/p is not reductive, 
since the radical is 

{iyeG:iy = h CP)} C G/(Ofc/p), 
where *p is the prime ideal of K- 

Lemma 7.3. If n is the number of roots of unity in k, then Deligne's extension 
E{ck) is the universal topological central extension. 

Proof. There is a fc-subgroup of G isomorphic to SL2, and so we have a 
restriction map in continuous cohomology: 

i?2(SU(2,l)(fc),Ai„)^i/'(SL2(fc),A*„). 

Given a map from K2{k) to ^n, we obtain elements of iJ^(SU(2, l)(fc),/i„) and 
iJ^(SL2(fc), /x„) constructed by Deodhar and Kubota (as well as Matsumoto, see 
|11) ) respectively. It is clear by inspection that the restriction of Deodhar's element 
to SL2(fc) is Kubota's element. In particular, this restriction map is injective. 

We also have elements of _ff^(SU(2, l)(fc), /i„) and iJ^(SL2(fc), /x„) constructed 
by Deligne. Deligne shows in the commutative diagram 3.9.2 of [5j that the restric- 
tion of his element of iJ^(SU(2, l)(fc), /i„) is the other element. Deligne also proves 
in Proposition 3.7 of the same paper that for a semi-simple, simply connected split 
group (such as SL2), his element is the same as Matsumoto's. This implies that 
Deligne's element of iJ^(SU(2, l)(fc), /i„) is the same as Deodhar's. It follows that 
E{ck) in the above diagram is a universal central extension. D 
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7.1.2. The ramified extensions. Let p be an odd ramified prime, and hence 
p I ^o- This implies that there exists a maximal ideal ^ C Ok such that pOx = *P^- 
In fact, since K = k{6o), we have ^ — {Oq) by Theorem l3.3l as Oq is a prime element 
of K. We shall write F for the field Ofe/p, which is the same as Ok/'^- 

By Theorem 13.31 we have Ok = Ofci^o]- This implies that we can take {1,6*0} 
as an integral basis. 

So we have pOk = *P^- For to e N, let 

(7.1) G{Ok,^n^{'^^G{Ok):>^^h (*P")}. 

We know that our 2-cocycle a splits on G{Ok,dQ) for sufficiently large N, and 
we will show that we may take iV = 1. We have 

G{Ok) D GiOk,^) D G{Ok,V^) D . . . , 

and the quotients are: 

G{Ok)/G{Ok,V) - GiOKm - G(F), 

for TO, > 1 and where g is the Lie algebra of G (see Section II. ip . This implies that 
|G (Ofc, q3") /G (Ofc, fp™+i) I is odd since 0(F) is a vector space over F. 
Proposition 9 of Chapter I of [18^ states the following: 

Proposition 7.4. Let G be a profinite group and H be a closed subgroup of G, 
with A an abelian group on which G acts continuously. Then if (G : H) = n, the 
kernel of Res: H^iG^A) ^ miH.A) is killed by n. 

If we put G = G(Ofe,*P™), H = G(C'fc,<P"+i) and A = /12 in the above 
proposition, then let cri be in the kernel of the restriction homomorphism 

Res: ij2(G(0,,q5") ,^2) ^ i?'(G(Ofc,*P'"+i) ,/.i2). 

Writing the group operations in H^{G {Ok,^"^) ,^2) additively, we have 

|G(Ofe,q3'")/G(Ofe,*P'"+i)|-ai=0. 

But since 2 • cti = 0, and |G (Ofc,*p™) /G (Ofc,'P"+i) | is odd, this implies that 
CTi = 0. But if our 2-cocycle a splits on G(C'fe,*P^+^) for some A^ > 1, our result 
shows that it must split on G{Ok,^^), hence our 2-cocycle a splits on G{Ok,^)- 

7.1.3. The split extensions. In the split case, we have K = k (B k. This 
implies that G(fc) = SL3(A:). The n-fold cover of SLr(fc) was studied by Kazhdan 
and Patterson (see [8j). They proved (Proposition 0.1.2) that if n is not a multiple 
of p then the extension splits on the compact open subgroup Sh^^Ok)- Since in 
our case n — 2, this holds for all odd split primes. Alternatively, one could get the 
same result from Deligne's paper as above. 

7.2. The even spHt primes 

Now assume that p divides 2 and assume that p splits in K. As in the other 
split cases we have G(fc) = SL3(fc), and we may use results of other authors on 
SL3. For this purpose, choose another number field I', which is totally complex, 
and which has a local completion isomorphic to k. The Kubota symbol on SL3(C'i/) 
has been studied in [l] in connection with the congruence subgroup problem. The 
level at which the Kubota symbol is defined tells us the compact open subgroup on 
which the cocycle splits. This level is established in Theorem 4.1 of [1], which may 
be paraphrased as follows: 
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Proposition 7.5. Let m he the number of roots of unity in Oi and let fir be a 
subgroup of fim- Then the Kubota symbol k : SL3(C';',q) — > fir is defined at level q 
as long as for each prime p dividing r we have 

, / N . [ordpfq) 1 

ord„(r) < mm — 

p|q [ordp(p) p-l_ 

In particular, in the case r = 2 we may take q = 4. This shows that our cocycle 
sphts at level 4, i.e. our cocycle splits on 

(7.2) G(OkA) = {'^eG{Ok):i^^l3 (4)}. 

If wc have a Kubota symbol k: G(C'fc,4) — >■ /X2, then (j\G{OkA) ~ ^'*- ^^^ ^^ 
should note that this Kubota symbol is not unique on G(C'fc,4); it is only unique 
on 

GiOkAp) = {'^^G{Ok) -.1^ = 13 (4p)}. 
This is because G{OkA)/G{OkAf>) = 0(Cfc/p), and 

Hom(G(Ofc,4)/G(Ofc,4p),Ai2) ^ 0, 

hence 

Hom(G(Ofc,4),Ai2)^0, 
and any x € Hom(G(C'fe,4), /i2) would make nx another choice for the Kubota 
symbol on 0(0^,4). We will only calculate our local Kubota symbol on G(C'fc, 4p) 
in the non-split case. 



CHAPTER 8 



Calculation of the Kubota symbol 



We will outline the method of calculating this local Kubota symbol in this 
chapter. Let L/l be a global quadratic extension. For consistency of notation, we 
will be using the same notation as in Part [51 i.e. we have k a local field with K a 
quadratic extension of k. Then k = Ip and K = Lp (with notation as in Section ri.4p . 
Also, note that in the split case we will use p.lO|) to identify an element of lp{9o) 
with an element of Lp . 

We have p — pfc as the maximal ideal of Ok.. Let the local Kubota symbol be 
denoted by Kp and using the notation from the previous chapter, let the subgroup 
of G{Ok) on which the quadratic 2-cocycle splits be called Pp. This implies that 
Kp is a map 

Kp: fp -> ^2, 
where fi2 = {1, ^1}: and for any g, ft, G Pp, 



a (5, h) 



Kp [g) Kp {h) 



Kp {gh) 
This implies that 

(8.1) Kp{gh) = Kp{g)Kp{h)a{g,h). 
Thus, for any g CzTp, since Kp (g) = 1, we have 

(8.2) Kp{g^)=aig,g). 

As noted in Theorem 17.11 Pp depends on K/k. Also, in the case where k 
is of even residue characteristic, we will assume that the 2-cocycle a splits on 
the compact open subgroup Pp = G(C'fe,4) for every extension K/k. We have 
already noted that in Section [7.21 that the Kubota symbol on Pp — G{Ok,4:) is 
not unique, but it is unique on G{Ok,8). What we do observe later is that the 
unipotent elements of G{Ok,8) are squares of unipotent elements of G'(C'fe, 4), and 
it will be shown that the elements of T{k) n G{Ok,8) are squares of elements of 
r(fc) n G(Ofe, 4). This implies that we should use (|5T^ on the elements of G{Ok, 4) 
in order to find the unique Kubota symbol on G{Ok, 8). 

In addition, we have already stated in the Introduction that in the case where 
K = k (B k, Theorem 16.31 does not completely describe a. Even so, since we are 
only interested in elements of G{1) contained in the group G{k), our formula for a 
is sufficient to calculate the local Kubota symbol in the split case. 

Hence, let us define Pp to be the subgroup of G{Ok) which we will be choosing 
to calculate the unique Kubota symbol on, i.e. 

G{Ok), if p is odd and unramified in K; 

G{Ok,Oo): if p is odd and ramified in K; 

G{Ok) n G{1), if p is odd and split in K; 

G{Ok, 8), if p is even and not split in K; 

G{Ok,8) n G{1), if p is even and split in K. 

119 



Tp 



8.1. THE UNIPOTENT MATRICES OF THE COMPACT OPEN SUBGROUP 120 

8.1. The unipotent matrices of the compact open subgroup 

We now calculate the Kubota symbol on the elements of N{k) n Fp and N{k) D 



Tp. 



Proposition 8.1. Let Xa {si,ni) £ Tp. Then 

Kp {xa {si.ni)) = 1. 
More generally, for any g G Fp we have 

Kp {xa isi,ni) ■ g) = Kp{g ■ Xa (si, ^^i)) = Kp {g) . 
Proof. Since (si,ni) G A (see (|2.3D ') where 

A = {(z,-N(z)/2 + t6'o) eK xK:te k,{z,-'N [z) /2 + t9o) ^ (0,0)}, 
for ease of use, let si — z and ni — —N (z) /2 + t9o. We first note that 
/ N(z) ^\ (z N(z) tOo 



2 7 " V2 8 2 

where Xa {z/2, ~ N (z) /8 + ^6*0/2) e f p , i.e. Kp {xa (z/2, - N (z) /8 + ^6*0/2)) exists. 
By 



N(z) 

Kp [Xa[ Z, \-Wo 



I i'£ _^l£l I ^^ ^^ N(z) ^ t^o 



Kp Xa Z, ;:; h<6'o ) ) = 1. 



,2' 8 2y'V2' 8 2 

But by Theorem 16.31 we have 

NJz) 
2 

Now let 5 6 Fp. By ((5T1 . 

Kp (xq (si,ni) -g) = Kp (xq (si,ni)) • Kp (g) ■ a{xa (si,ni) ,5). 

Hence using the above and Theorem 16.31 we have 

Kp {xa {si,ni) ■ g) ^ Kp (g). 

We can similarly get Kp (g ■ Xa (si, ni)) ~ Kp (g). D 

Proposition 8.2. Let x-^a {si,ni) E Tp. Then 

Kp (x_Q (si,ni)) = p{si) ■ p — 

\ ni 

where 

/(-Tr(si),N(si0o))fc2> »/Tr(si)^0; 
I 1, otherwise. 

Proof. Again, since (si,ni) S A (see (I2.3I) '). for ease of use, let si — z and 
m = - N (z) /2 + i6lo. We have 

/ N(z) ^ \ /z N(z) t6io"^ 



2 7 V2 8 2 

where x_a (z/2, - N (z) /8 + i6'o/2) e fp, i.e. Kp (x_a (z/2, - N(z) /8 + t0o/2)) ex- 
ists. 

We have three cases to consider: z = 0, i 7^ 0; z 7^ 0, i = 0; and z, i 7^ 0. 
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We first note that z e Ok and t e Ok- If z = and t ^ 0, tlien by ((5?^ . we 
liave 



Kp {X-a (0, ^6*0)) = a ( X-a ( 0, -;^ ) , X^a ( 0, -;^ 



^ ,x-. 0,- 



By Tfieorem 16.31 since 






X(x_„(0,tV2)) 
we have 

n, (._„ iO,teo)) ^ u y ^^^_^ (0,,g„/2)) '^ (,"-" (,"' - 



2' V i&l 

^ "' / fc,2 

and using the properties of Hilbert symbols (Section [STT]), by <\?>A\ and p.6l 



Hence by (|a.3p, 




(8.3) Kp{x^^{{),tdo))^(^—^f^,-l] =1. 

\ ^ /fc,2 






If ZT^O, t = 0, then by (|8.2|), 




/^^ /^-. ^{z)\\ .(^ ("^ N(z)^^ ^ (z 

Ku X — Q, Z, 1 G X — (y_ , 1 X — Q ;-. ; 

V V 2/7 V v2 8 y V2 


N(z)\\ 

8 ;;■ 


Thus by Theorem |H.3| we have 




-ix ^■ ^^^\\ ' -^ {' ^("^v 


\ 8 


^^r-l' 2 jj N(z)^o' ^^'--U' 8 j. 


/ N (z) 00 


X(x_c,(z,-N(z)/2)) 1 




X(x_„(z/2,-N(z)/8)) 4' 




X(x_„(z,-N(z)/2)) N(z)0o^.x 
X(x_„(z/2,-N(z)/8))2 32 ^ • 

Hence 




( (z N(z)^^ /^z N(z)^^^^ 

r\^-.y^. 8 ;'"-H2' 8 jj 




(-2/2)(-N(z)/2)-(-z)(- 


-N(z)/8) 8 



(-N(z)/8)^ 
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nd therefore 








( (z ^{z)\ (z ^{z)\\ 




/ / 8/ ^{z)B^\\^_.( 8/ ^{z)%\\\ 

= —02 Pq , in 1 

V V^V 32 yy V^V ^'^ J J J k,2 




(^J^\ ^2(8/z)\ / 8 1\ /I 2 \ 




I l^y' 00 A,2 V N(^)0o'4; ^4' N(z)0oy 




/^2 (- N (z) 0o/32) N (- N (z) 0o/32) 82 (- N (z) 0o/32) \ 




V '52(1/4) ' <52(-8/(N(z)0o)) A-,2 




/,S2 (-8/(N (z) 0o)) N (-8/(N (z) 0o)) h (-8/(N (z) 0o)) \ 




U2(-2/(N(z)0o))' <52(l/4) A,2 




/ <52(z0o/4) N(z)02\ / 64 (52(8/z)\ / 64 


l\ 


V 00 ' 16 A,2 U(^)' ^0 A,2 V N(z)^02' 


16 ) 

/ fc,2 


/ 1 4 \ / 16 1\ /I 4 \ 




1^16' N(zf0§j^^^ UWf?o"4Jfc,2 U' N(z)02J^_^- 





By the properties of Hilbert symbols, we have by p.4p . 

N(z)- 



/iCn X — o- 2^1 



'<52(z0o/4) ,,,.,^2\ ^ , .,,.^^2^ ^ ^2(^0o/4) 1 

0n '16 



^,-N(z)0o^) .(-1,-N(z)0o2),^.f 

^0 / fc,2 ' \ 



fc,2 ' V f^O J^0/fe,2 



1 ^2(8/z)^ ./g,M8M^ 7-4,-1 



N(^)' ^0 J k,2 V ' ^0 7^,2 V ^0' /fe,2 

64 \ / 64 1 \ / 1 4 



^N(zf' ;^^ V N(zf0g'16;,, \16' NCzfeg^fc: 



fe,2 

16 1\ /I 



N(z)02'4;,.2 V4' N(z)02;^^ 



BydXnD, 



^.(-.(^,-^))^(^^,-N(z)0„^)^^.(-l,-N(z)0„^),,^ 



fc,2 

1 <S2(8/z)\ / 1 



N(^)' 00 7^.2 



-1 



92' 

^0 / A;,2 



and by (|XT|) . 



^D 2;_™ z 



NW^^_/■..(«./4)__^,^,^,, .(-i,-Nw«,^ 



''0 / fc 2 

^.NW) .(-1,-1 

'^O J k.2 V '^O/fc^ 
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This implies that by ([5Ti)) . 

Njz) 
2 



l^p I X — a I 2, 



,-N(z)6'o •(-l,N(z)).2- a ,N(z) 






"'O / fc,2 V I^O / fc,2 

If a, 5, c e fc^ , d e if^ , we have by dSH), dSH) and gH) that 

But since 82 [d) ~ 9q when d £ k^ , the above iinphes that 

for any a, b, c £ k^ and d E K^ . We should also note that if instead we have 
a = N (e) for some e E K^ , and c = /^o for some / G fc^ , with &, d remaining the 
same, we have by (|8.4p and 



V ° / k,2 \ ° / *;,2 

^ f(6,N(e)),_2, ifdefcx; 

But since by ^1} and ([gTB]) . 

this implies, ior d ^ k^ , that by (j3.4p . 

(6<52 (d) 00, N (e)),^2 = ibS2 id) 00, N (e)),,^ • {Oo',^ (e)), ^ = f ^%^, N (e) 
Thus we have 

for any d, e E K^ , b, f E k^ . 

Using (|8.4p in our equation for Kp {x^a {z, — N (z) /2)), we have 

^0 /fe,2 V ^0 J k,2 

We now consider the case z, t ^ 0. Since 

/ N(z) \ / N(z)\ 
a;_Q z, h t^o = x^a z, -— • x^a (0, i6lo) , 
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and x-a (2:,-N(z)/2), x-a {0,td()) E Tp, we have, by (|5TT|) . 



2 



tOo 



= Kp ix^a {z, — j j-Kp {X-a (0,i6'o))-CT ix^a {z, — ) , X_a (0, i6'o) 

Consider a {x^a (z, - N (z) /2) , x_„ (0, ^6*0)). By Theorem [Ql 



2 7; (N (z) + 2i6io)6io ' 

X(.T_,(z,-N(z)/2 + i0o)) _ N(z)i02 



/fc\ 



X(x_„ (z, - N (z) /2)) • X(x_„ (0, i^o)) N (z) + 2i0o 

This implies that we have 



(-N(z)/2)(-t0o 

so that 

/ / N(z)\ 
a ( x_a ( z, — 1 , x_a (0, ^6*0; 



z \ N(z) + 2i6lo// " ' V ^ V N(z) + 2t6io///fc 

pn2\ '^2(2/z) \ / 2__m^_ 

zj' 00 A,2 V N(z)0o'N(z) + 20o 
2^6*0 2 



■,2 



N(z) + 26'o' (N (z) + 2i6lo)6lo 
^2(-N(z)tg^/(N(z) + 2tgo)) 
(52(2tV(N(^) + 2t0o)) ' 

N (- N (z) tgg/(N (z) + 2t9o)) 62 (- N (z) tgg/(N (z) + 2^0o)) \ 

J2(-2/(N(z)0o)) j^_^ 

<52(-l/K)) N(-l/K))^^(_i/(^^2))\ 



52 (-2/((N(z) + 2*^0)^0))' S2{2teo/{N{z) + 2teo)) I 



N(z) + 2t6'o; " 'N(N(z) + 2i6lo)^2 \N(z) 



fc,2 V^M^; ''O /fe,2 



4 4i26»2 



N(z)'02'N(N(z) + 2i0o) 



fe,2 



4*26*^ 4 \ / 1 



^0 



1 



N (N (z) + 2t9o) ' N (N (z) + 2i0o) ^g / ^,2 V ^^0 ' " / fc,2 
N(z) 4N(z) \ 

N (N (z) + 2teo) ' N (N (z) + 2t0o) tOl) ^^' 
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Similar to the calculation of Kp (x-q (z, — N (z) /2)), we can simplify the above 
using the properties of Hilbert symbols. After simplifying, we get 



N(z) 



= -.52 



2zt0^ 



N(z) 



N (z) + 2teo J 9o'N(N (z) + 2<e'o) J ^ 



S2 (2/z) 



,N(z) 



fc,2 



Inserting this result into our equation for Hp {x-a (-2, ~ N (z) /2 + tOo)) along with 
and (18.61). we have 






z, ^^+t6io 



N(z^o) 

/ k,2 



-So 



2ztel 



N(z) 



^ N (z) + 2*6*0 y 6io ' N (N (z) + 2*6*0) 7 fc,2 
Thus simplifying the above using p.6p . we have 



N(z) 
.7) Kp ( a::_Q ( z, ;:; h t6'o 



'52(2/z) 

^0 / fe,2 



^2(^go) ...3. A ( . ( 2-ztel \t N(z) 

00 ' ^ °7fc,2 V ' VN(^) + 2t0oy 0o'N(N(z) + 2t0o)/fe,2 

Recall that we had put si = z, rti = — N(z)/2 + i6'o. If t 7^ 0, i.e. ni ^ 
N (si) /2, by dlJl) we have 



Kp {x-a (si, ni)) = [ ^ ^^ ° ,N (si6'o) 



sTt02x ^ N(si) 



fe,2 \ \ '^1 y 0o'4N(ni)yj^2 
But by (j8.5p and the properties of Hilbert symbols, the above becomes 

Let (s',n') e ^ (sec ((O)) ) such that s' ^ 0. Also, let t' e fc'' and 



This implies that 



^2 (s'^o) 



,N(s%) 



fc,2 



s'i'\ t' N(s') 



(5, ^ ^ 



n' ; 00 ' N (n') 



fc,2 



N(2) 

Kd I X-„ I Z, ;:; h ^o 



and in fact, it can also be checked that 

N(z) 

t^n X — rv Z. - 



= F{ z,-^^^+t9o,t 



Fi..-^a 
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We will now look at the function F more closely. Let (si,ni) S A, where 
si 7^ 0, and x^a (si,ni) G Tp. We have 



1, 



ifTr(si) = 0; 



\-[Tr(si)02] ^ ifTr(.si)^0. 
By using (|3.ip and p.7p . this implies that 

00 ^ °7m l(-Tr(si),N(si0o)k2, ifTr(si)^0. 



Let is /fc^. Then 

S]"i\ t 



= < 



n J Uq 



-t, 



Sit Sit 

ni n 



-t, 



Tr 



-si9o 

Til 



if sit/ni g /c^; 

— , if sTt/rTT ^ /c^ 
fo 

iiTri-si0o/ni) = O; 

1 

, ifTr(-siV"i)^0. 



This implies that 



sTt\ t N(si) 



m J eo'N{ni)J ^ 



"1 



Tr 



fc,2 






,N 



ifTr(-si0o/ni) = O; 
ifTr(-si0oM)^O. 



fe,2 



Thus by 1231), (ED) and ([3121), we have 




ifTr(-si(?oM)-0; 
, ifTr(-si0oM)7^O. 



fc,2 



Hence, we have 



F{si,ni,t) = p{si) ■ pi- 



where 



P(si) = 



SiOo 

111 



(-Tr(si),N(,si0o)).2: ifTr(si)^0; 



1, otherwise. 

Note that p and hence F is independent of t; therefore, since 



N(z) 

K^n I X — n I -2^1 T 

N(2) 
Kp I x_„ I z, h tOo 
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for z 7^ 0, t e /c^ , we may combine the above result so that for si ^ 0, 



Kp {x^a isi,ni)) = p{si) ■ p{- 

We also note that when si = 0, the above formula for si 7^ is still applicable. 
Thus our result is proved. D 

Remark 8.3. Note that we also have 

/ N(z) \ / N(z) 

X^a Z, htOo] = X_Q, (0,^6*0) • X-a Z, 7: — 



since X-a {O,tdo) is a central element of N{k). We can use Theorem 16.31 and the 
properties of Hilbert symbols to show that 

a {x-o, (z, - N jz) /2) , x-c (0, tOo)) _ ^ 
(T(a;_„(O,i0o),x_„(z,-N(z)/2)) 

This implies that we will ultimately get the same result if we had chosen to calculate 
Kp {x-a (z, - N (z) /2 + tOo)) by using ((8?T1) . so that 

/ / N(z)\\ / / N(z) 
Kp {x-a {0,t9o))-Kp X-a z, -— 'Cr x_a (0, ^6*0) , a;_a z, -— 



8.2. The elements of the torus 

In this section, we want to find the local Kubota symbol on the elements of 
T{k) n Tp, which we will denote by T. 

We have two cases to consider, depending on whether there are matrices in Fp 
whose (3, l)-entry is a unit. 

We know that when p is odd and ramified in K, or if p is even in K, then the 
(3, l)-entry is never a unit in Ok- This implies that the Bruhat decomposition (see 
Section [L2|) of an element of Fp when the (3, l)-entry is non-zero in these cases will 
be a product of elements which are not in Fp (sec (II. 3p ). 

When p is odd and either unramified or split in K, this does not pose a problem, 
and we can use the Bruhat decomposition in these cases. We also note that in G{k), 
we have from Section 12.11 that for any X £ K^ , 

(8.8) ha (A) = wa (2/(A), ^1 (A)) • wa (0, S2 (A))-^ , 

where 

.(A) = ^' '''^'''■' 
ll, otherwise. 

As p is odd and either unramified or split in K, this implies that 2, 6*0 € O^, hence 
there exists A € K^ such that ha (A) € f where 62 (A) S O^, since 62 (A) e k^9o. 
Therefore Wa {y{X),Si (A)) and Wa (0,(52 (A)) G Fp. 

Proposition 8.4. // p is odd and either unramified or split in K , then we have 
Wa (0, 66'o) G Fp, where b G O^ , with 

Kp {wa {0,b9o)) = 1. 

Also, if a £ Ok such that —1/2 + a^o G O^, then Wa (1, —1/2 + a9o) G Fp and 

Kp{wa{l,-l/2 + a9o)) = l. 
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Proof. For any (r, m) e A, we have, by (|1.2p that 

Wa (r,m) — Xa {r,m) ■ x^a ^ , ^ ) ■ Xa { r ■ — , m 

\m mj \ m 

This imphes that if Xa i'f,'m'), X-a {r/m, 1/m) and Xa {rm/m,m) € Fp, then we 
have Wa (r,m) £ Fp and by Proposition 18. II 

Kf {Wa {r, m)) = Kp X^a =, = 

\ \7n m 

Since Xa (0, 66'o), x-a (0, -l/66'o) G Fp for 6 e O^ , by Proposition 

1 
6^0 



Kp (Wa (0, 66*0)) = Kp ( .X-a ( 0, - j^ ) ) = 1- 



Also, for a G Ok with —1/2 + 06*0 S O^, we have the elements Xa (1, —1/2 + a9o) , 
x_o (-2/(1 + 2a0o), -2/(1 + 2a0o)), a;„ ((1 + 2a0o)/(l - 2a0o), -1/2 + a^o) G Fp, 
hence 

1 „ \\ / / 2 2 



Kp Iwa \ 1, -7: + «^o = Kp a;-Q - 



So by Proposition [821 we have 

«'(-('--^°»»))K-(-TTk-T^)-<-T^II ' 



fc,2 



4 46'g 



^N (1 + 206*0)' N(l + 2a6lo)/fc.2 
By ([331), dSJl) and HKM . 

"^(""(''"^ + "'°)) = (N(l + 2a^o)'"mTT^«^o)A.,2' 
and thus by 



'^P (w'a ( l,-:^ + a6'o| I =1- □ 



Proposition 8.5. If p is odd and either unramified or split in K , then for A G O^ 
such that ha (A) G T, we have 

J(a,&)^2, ifX^a + beo,a,b^Oandb^O^; 
I 1, otherwise. 

Proof. We first assume that for A G O^, ha (A) G T, we have (52 (A) G O^. 
If A G O^ , then this implies that 62 (A) = 60 G O^, hence we have, by 
and ((5?T|) . that 

Kp {ha (A)) = Kp (Wq (0, X9o)) ■ Kp f Wa (0, BoV^] ■ O- f Wa (0, XOq) , Wa (0, 6'o)"^ 

By Theorem 16.31 we have 

a (wa (0, A0o) , Wa (0, 0o)"') = ^ (zY' ^("^)) = ("^' ^)fc^2 ; 

hence by l|3.2l) . we have 

a(wa(O,A0o),«^a(O,0o)"') =1. 
Thus, by the above and Proposition l8.4[ we have 

Kp {ha (A)) = 1. 
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If A e O^9o, then 62 (A) = -1/(2A) e O^. By dKH]) and dH]) 



1\\ / /. 1'-' 



Kp {ha (A)) = Kp[Wa{l,~-j j ■ Kplwai 0, ^^ 



l\ (. 1^-^' 



■a|«;„(l,--l,«;„ 0,-- 



By Theorem 16.31 we have 



A / 1 \ / 1 

u 



l/{2\eoy \ 200 J V2A6'o 

'52(A) N(l/(2Ago))(52(l/(2Ago)) 

<52(l/(2A0o))' <52 (-1/(200)) A,2 

A S2{~l/{20o))S2{l/{2Xeo)) 



I \ ( I f I 



,(-l/(20o))(l/(2A0o))' '52(A) 00 

= i-ANixfel- 



16N(A)04;^2 I 2A0o' V2A0O 



A:,2 



fc,2 



^4A202,-2A0o), 



A:,2 ■ 



Simphfying the above using the properties of Hilbert symbols p.4p , p.2p and (j3.6p , 
we get 



1\ A„ 1^-' 



O- I W'a ( 1,-2 ) '^a ( 0,-— ) 1=1. 



Thus by the above and Proposition [ 

Kp {ha (A)) = 1. 



If A = a + 66lo e O^ such that a, b e k"" and /i^ (A) e T, then ^a (A) G O^ 
when beO^. So assume that b G O^ . By ([Ml) and ((5T|) . 

Kp (/la (A)) = Kpiwail,--- 7^7^ ) ) ' "^P ( ^^'a ( 0, 



2 2ben J J >^ \ " V ' 266lo 

CT I l^Q I 1,-- - — -— ] ,Wa{0, 



2 2beoJ ' " \ ' 2b0o 
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Then by Theorem [ 

O- Wq 1,-- - -—- I ,Wa 0,- 



2 2b6oJ ' " \^ ' 2beo 

a [Wa[ l,-7777r ] ^WaiO, 



2beoJ ' " V 2600 
A / A \ / 1 



1/(266*2)' \^ 266*27 V 266(2 
^ S2 (A) N (1/(2602)) ^^ (i/(26g2)) ■ 

<52 (1/(2602))' <52(-A/(2602)) 



fc.2 



A <S2(-A/(2602)) 52(1/(2602))' 



-A/(2602))(l/(2602))' <52(A)0o 



fc,2 



(-«''^-^),,-(-3^-(3^))./<-"'^»'-"® 



A;,2 



Simplifying the above using the properties of Hilbert symbols p.6p and p.4p . we 
get 



1 a \ /„ 1 ^ ^ 



"'"'"' ^' -2 - 260^ ]'"'H°'"^' '='• 



Hence, by the above and Proposition! 

Kp (ha (A)) = 1. 
If 6 ^ O^ , then a e O^ since A e O]^. But we already know that 

Kp{hc,{b + a/9o)) = 1. 

Since 

ha (A) = /i„ (6 + a/0o) • /i„ (0o) , 

by (ED, 

Kp (/la (A)) = Kp {ha (6 + a/0o)) • Kp (/iq (0o)) • a {ha (6 + a/0o) , /i^ (0o)) • 
By Theorem 16.31 

a {ha (6 + a/0o) , /iq (0o)) = cr (ha i — j ,ha (0o) 

/^A A^ /^ ^2 (A) N(0o) ,52(00) 

"Wo' yU2(eo)' '52(A/0o) ,,2 

By the properties of Hilbert symbols p.ip and p.2p . we have 



a {ha (6 + a/0o) , ha (0o)) - (a, 6)^ 2 ' (-^l " N (A)) 



k,2 



But the characteristic of the residue field Ok/pk is not 2. Thus we may use Propo- 
sition [3111 as -00, N(A) e O^, so that we have 

Ho,-N(A)),, = l. 

Applying the above to our equation, we get 

lip {ha {X)) = (a,6)j^_2- 
This completes our proof. D 
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Remark 8.6. We should note that if p is odd and either unramified or spht in 
K, then from Propositions 18. 41 and 18. 51 we have that T is generated by elements of 

N{k) n G(fc) and N{k) n G(fc). 

We now look at the cases where either p is odd and ramified in K, or p is even 
in K. 

Proposition 8.7. //p is odd and ramified in K , or p is even in K , then if ha (A) € 
T , there exists ha (fJ-) G T{k) f] Fp such that ha (A) = ha (n) , and 

Kp {ha (A)) = 1. 

Proof. We first consider the case where p is odd and ramified in K. In this 
case, Pp = Fp = G{Ok,do). Thus elements of T may be described by 

/l + X'9o _ 

ha{l + X'eo)=\ (1-A^0o)/(1 + A'0o) _0 

V {i-x'eo)-\ 

where A' € Ok- We want to show that for every A' G Ok, ha (1 + A'^o) is a square 
of an element in T. We will use Hensel's Lemma (Theorem 13. 5p . We have 

f{x) = x^-{i + x'eo)eOK[x], 

and hence the formal derivative f'{X) is 

f'{X) = 2X. 
Let the prime above p in iiT be denoted by *p. Then by Lemma Tl .21 

|/(l)b = |-N(A')0o'|p<l, 
|/'(l)|<p = |22|^ = l. 

This implies by Hensel's Lemma that since |/(l)|<p < |/'(l)|m, there exists a solu- 
tion for f{X), i.e. there exists a G Ok such that 

ff \ n I II ^ 1/(1)113 
/(a) = 0, \<^-Mv<jj;^- 

We have by the binomial theorem that for any A' € Ok, 



and 



i-ii + x'9oy/'' 



'V 



X'Oo 



< 



V 



1/(1)^ 
l/'(l)b^ 



thus by Hensel's Lemma, this expansion converges. Hence, there is a canonical 
choice for 1 + /z'^o, /i' G Ok for every 1 + A'6'o, A' G Ok such that 1 + A'6'o = 
(1 + /i'^o)^, and hence 

ha (1 + A'^o) - ha (1 + fl'0of , 

where ha (l + /i'6'o) G T. 

As for the case where p is even, Fp = G{Ok,8), Fp = G(Ofe, 4) and the elements 
of T are of the form 

^1 + 8A" _ 

/i„(l + 8A")-| (1 + 8A^)/(1 + 8A") 

(1 + 8A")" 
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where A" € Ok- Similar to the case where p is odd and ramified in K, we will 
use Hensel's Lemma to show that every element in T is a square of an element in 
r(fc)nfp. We have 

with formal derivative 

f[{X) = 2X. 

Let *p be a prime ideal in K such that *P | p. By Lemma [TT^ 



|/i(l)b = |82N(A")|p = |26N(A")|p, 



thus we have |/i(l)|<p < |/i(l)||!- (Note that for the split case we will use the 
isomorphism p.lOp .) This implies by Hensel's Lemma that there exists a solution 
for fi{X), i.e. there exists b S Ok such that 

l/i(l)l*P 
By the binomial theorem, for any A" G Ok, 

(1 + 8A")^/' = 1 + 4A" + ii/MiZ^_ll(8A")2 + • • • 

and 

l-,l+SA")V=|^H4A"|,<^, 

so by Hensel's Lemma, the expansion converges. So there is a canonical choice for 
1 + A^i", n" e Ok, for every 1 + 8A", A" G Ok, such that 1 + 8 A" = (1 + Afi")^ and 

h^ (1 + 8A") = /la (1 + V)' . 

So this verifies that h^ (1 + 4/i") £ T{k) n fp. 

Now that we have established that every element of T is a square of an element 
in T(fc) n Fp, let us now calculate the local Kubota symbol. Whether p is odd 
and ramified in K^ or even, let ha (A) G T and h^ (/^) G T{k) n Fp such that 
ha (A) = ha (m) ■ Then by 



Kp {ha (A)) = a {ha (m) 7 ha (m)) • 

There are only two cases for /i to consider: either /i G A;^ , or /i = c + d6Q, c, d G k^ . 
In the first case, we have 

Kp(ft.a(A)) =« f — ,^2\ ^ (^^_^2^^_^ 
by Theorem 16.31 Simplifying the above using the Hilbert symbol property p.2p . 

tp(/lc(A)) = (/i,-l)fe2- 

This implies, in the case where p is odd and ramified in K, that /i = 1 + 60q, 
where b G Ofc. By Hensel's Lemma, X^ — (1 + bO^) has a solution with approximate 
root 1. Thus 1 + bO^ is a square in fc^, hence by the property of Hilbert symbols 
dUl), 

Kp {ha (A)) = 1. 

In the case where p is even, if /i G fc ^ , then /i = 1 + 4a' for a' G Ofc . Thus we 
have 

«p(/i„(A)) = (l + 4a',-l),.2. 
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If 1 + 4a' e 1 + 80k, then 1 + 4a' is a square in fc^ (we showed this is true by 
Hensel's Lemma earlier in the proof ) and hence by p.6p . 

(l + 4a',-l)fe,2 = l- 

If 1 + 4a' ^ 1 + 80fe, we can show that (1 + 4a', -1)^, 2 = 1 as well In Section [XTl 
we estabUshed that 

(a, 6)j. 2 = 1 ^=^ '^^^ + bY^ - Z^ = has a non-trivial solution {X, Y, Z) in k^ . 

By (I33D, 

(1 + 4a', -1), 2 = (1 + 4a', -(1 - (1 + 4a'))),.2 = (1 + 4a', 4a'), ^ . 



Since we have a solution (l. 1, \/l + 8a') for (1 + 4a',4a')j, 2, this implies that 
(1 + 4a', — l)j, 2 — 1 for all a' E Ok. Therefore for all elements of the form 
ha (1 + 4a'), a' G Ok, p even, 

Kp {ha (A)) = 1. 
If /i (^ /c ^ , then jj. = c + d9o with c, d E k^ and by Theorem [ 

tp (n-Q (A)) =u — ,A* 



fc,2 



fc.2 



M ' / \ (^2 (m) ' ^2 (m) 

= (n(,),-n(,)^)^^^.(1,-n(,))^ 

Simplifying the above using the properties of Hilbert symbols (j3.ll) - (13.41) , 

«;p(/»a(A)) = (N(/i),-2c),,2-(c,-l)fc,2. 

When p is odd and ramified in K, jj, ~ l + {a + b6o)6o, for a, b E Ok with o ^ 0. 
Thus c = 1 + 66*^ e Ofc . By Proposition [XTl since N(^), -1, 2, c e O^, we have 
(N (^) , —2c)j^ 2, (2c, — l)j, 2 — 1- Therefore we have Kp {ha (A)) = 1. 

When p is even, we first consider the case where Ok = Ok[do]- Then fi = 
1 + 4(a' + b'0o), for a', 6' e O^ with b' ^ 0. This implies that c = 1 + 4a' G O^. 
We have already shown that (1 + 4a', — l)j, 2 = 1 in the case where n E k^ . As for 
(N (/Li) , — 2c)^ 2> '^6 see that N (/i) G 1 + 80k, i.e. N (/i) is a square in fc^ . Hence 
by dsini), (N(^) , -2c)fc 2 = 1- Therefore Kp {ha (A)) = 1. 

If instead Ok = Ok[{i + ^o)/2] when p is even (i.e. p is unramified in K), then 
we have 

^l + ^o' 



Ai = 1 + 4 a' + 6' 



= l + 4a' + 26' + 2&'6io. 



2 

where a',b' E Ok with b' ^ 0, with c == 1 + 4a' + 26', and d^2b'. This implies that 
when b' ^ O^ , i.e. 2 | 6', we are in the same case as when Ok — Ok[0o], since c = 1 
(4), which implies that (c, — 1)^. 2 = 1 by our previous result, and N (^) e 1 + 80k, 
so (N (/z) , — 2c)j, 2 = 1- Hence when 2 | &', Kp {ha (A)) = 1. 

We can use the properties of Hilbert symbols p.3p and (|3.4I) to show that 

K, {ha (A)) = (N (Ai) , -1),,2 • (2C, - N (Ai)),._2 . 

The above formulation makes it easier to calculate the Kubota symbol in the case 
where b' E O^ . We have N (^) ee 1 (4), hence (N (/i) , -1)^.2 = 1- Also, N (/i) = 5 
(8) and c = -1 (4). So let N (/^) = 5 + 8e and c = -1 + 4/, where e, f E Ok- Then 
by(|S3|, 

(2c,-N(m)),,2 = (2c,-(1-2c)N(/x)),_2. 
But 

-(l-2c)N(Ai) = -(3-8/)(5 + 8e) = l (8), 
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i.e. — (1 — 2c) N (/i) is a square in k^ , and hence by p.6p . (2c, — N (/^))j. 2 — 1- Thus 
we have shown that 

Kp {ha (A)) = 1 
in ah cases. D 

8.3. Other elements of the compact open subgroup 

We are now ready to show how to find the local Kubota symbol on any element 
ofTp. 

By (|1.3p . it is clear that the Bruhat decomposition of a matrix of G with a 
non-zero (3, l)-entry depends only on the first column and last row of the matrix. 
The following proposition establishes an important property of this type of matrix 
when p is odd and unramified in K: 

Proposition 8.8. Let p is odd and unramified (but not split) in K . Also, let a, h, 
c, d, e £ Ok, such that 



and 



Then 



ac + ac = - N (6) , ec + ec = - N (d) , 
ad b bd c be d ae bd 1 



c c c c c c N(c) c 



eOK- 



/a ad/c + b/c ae/c - 6d/(N (c)) + c"^\ 
/3= 6 bd/c-c/c be/c+d/c G Tp, 

\c d e J 

and either c or e £ ^k' '"^ possibly both. 

Proof. The first part is easily established by (II. 3[) . As for the second part, 
consider the Hermitian form (— , — ) defined by 

/O 1\ 

(m, u) = wM 1 w, 

where u, v £ K^ . This implies that for aU 7 e SU(2, l)(fc), 

(7M,7w) = {u,v). 
If 



then 

{u, v) = uauf + U2V2 + uiv^. 

Since 

U\ /a\ 
b\ ,ib\ ) =ac + N(6) + ac = 0, 

if p I c, then p | b. Similarly, since 

V/c - bd/{N{c)) + c-i\ /ae/c - bd/{N{c)) + c-^' 

be/c + d/c , be/c + d/c | ) = 0' 

if p I e, then p | {be/c + d/c), i.e. p | d. 



Ul\ 




Vi 


U2 


, V = 


V2 


U3J 




\V3 
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For any A £ O^, p \ X. As 

ae/c-M/(N(c)) + c-i 
be/c + d/c 





= 1, 

if p I c and p | e, then p | 1, which is a contradiction. Hence either c or e is a unit 
in Ok, or possibly both. D 

In the spht case, i.e. when p is spht in K, we have to consider the fact that 
sometimes, none of the entries in the bottom row of an element in Fp is a unit. 
This does not occur in the other cases. The proposition below shows the existence 
of a transformation to a matrix of this form so that the resulting matrix has a unit 
in the (3, 3)-entry. 

Proposition 8.9. Let p be a split prime in K. If 

^a b 
d 

with neither g nor j a unit in Ok, then there is always an element Xa isi,ni) € 
N{k) n Fp such that 

{g h j) -Xa (si,ni) = [g h' j') 

withj' e O^. 

Proof. Let pOk = P1P2, where pi, p2 C Ok- We first note that g, h and j 
are coprime to each other, by the same principle as in the proof of Proposition 18.81 

If p I g, then without loss of generality, we may assume that pi | /i, which in turn 
implies that pi \ j. Using the Hermitian form from the proof of Proposition 18.81 
since 





gj + N{h)+gj^O, 

\^J \h' ' 
and p I N (/i), we have that p2 \ j, i.e. j e O^. 

Now let g, j ^ O^, with pi | g, p2 f g. Assume that pi | h. Then pi \ j, and 
this implies that p2 t J- But p | N (/i), hence p | Tr (^j) , i.e. p2 | Tr (gj) . Therefore, 
since p2 \ gj, we have p2 f 5J, and hence p2 \ j (since p2 | g). But this means that 
j € O^ since j is a unit mod pi and mod p2, which contradicts our assumption 
that j is not a unit in Ok- Hence if pi | 5 and p2 | g, then pi f h. 

Since 5 is a unit mod p2 and ft, is a unit mod pi, we can always choose a z' € K 
such that 

(5 h j)-a:^(^z',~^^={g h' j,) , 

with h' = gz' + ft a unit mod p2, i.e. ft' £ O^. So now we have p f N (ft'), hence 
P I Tr (gjT) . So pi t (.gj7 + gji), i-e. pi \ gji- This implies that pi j ji, i.e. ji is a 
unit mod pi. So we can choose t' g Ok such that 

{g h' ji)-xo.i0,t'9o) = {g ft' /), 

with / = {t'9f))g + ji a unit mod p2, i.e. j' G O^. 
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Therefore we can always choose some Xa {z' , — N (z') /2 + t'9o) E N{k) D Fp 



and 



with j' eO^. 



{9 h j).a;„(^z',-^+t'0o)-(5 h' f) 



D 



With the above two propositions, we can now show how to obtain the local 
Kubota symbol on any element of Fp. 



Theorem 8.10. Let 



'a b c 
7= |d e /I eFp. 
k9 h J- 



The 



Kp (7) = < 



Kp [ha [i ^ ^ 
Up [ha [j jj- Kp 



h 9 

1' J 



O- [haij ) ,ha{ =7. 



^f9=^0; 

^J9^0l; 



if9^0,g^O 



K- 



If p is split, then when both g and j are not units in Ok, we can always choose 
some Xa (si, ni) G N{k) D Fp such that 

{9 h j) ■Xa{si,ni) = {g h' f) , 
with j' e Ok- Then 

'^P (7) = '^p (7 -Xa {si,ni)) , 
and we may apply the above to Kp (7 • Xa {si,ni)) to calculate our result. 

Proof. Consider the case where 5 = 0. By (J1.4L 

(a b c\ 
d e f\=ha(j ) -Xa {bj,cj) , 
9 h jj 

hence by Proposition 18. II 



Up (7) = Kp [ha [j 

As noted at the start of Section 18.21 we will only have g G O^ when p is odd 
and either unramified or split in K. In this case, Xa [—d/g,a/g), ha [{g9o)~^), 
Xa {h/g,j/g) S Fp. Therefore, since by (|1.3I) . 

1 = Xai --,- ] ■ ha {{gOoy^) ■ Wa (0,6*0) ■ Xai -,- 

\ 9 9/ \9 9 



by Proposition 18. 11 

Kp (7) = Kp (ha ((g6'o)"^) • Wa (0, 6*0)) . 

Hence by ([STT]) . 

Kp (7) = Kp {ha ((5^0)"')) • «;p [Wa (0, ^o)) ' <J {ha ((ff^o)"') , Wa (0, ^o)) 

So by Proposition [13] and Theorem 16. 31 

Kp (7) = Kp {ha {{gOoy^)) ■ 
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li g ^ 0, g ^ O^, then j e O^ in most cases by ProDOsition l8.8l (we deal with 
the case g, j ^ O^ later in the proof). Also, using the Hermitian form established 
in the proof of Proposition 18.81 we have that 

^ag + 'N{d)+ag = 0, 




gj + N{h)+gj^O. 

\^l \h ' 

We now have a few cases to consider. We will use the notation in Section [TT3l If p 
is odd and unramified in K^ then since p | 5, this implies that p | d and p | h. Thus, 
we have a = p and 

7 e G(Ofe)o(p) - iV(Ofc) • r(Ofe) • iv(p). 

If p is odd and ramified in K, we already have that a = (6'o) in Proposition ll.il and 

rp = G(Ofc)i((0o)), 

which implies that there exists an Iwahori factorisation of Pp, with 

rp = 7V((0o))-n(^o))-lv((0o)). 

If instead p is even, we have a = (8) in Proposition 11.11 and 

rp=G(Ofe)i((8)) = 7V((8)).T((8)).7V((8)). 

So we have an Iwahori factorisation for all elements of Pp with g ^Q, g ^ O^. 
Hence, we have 

with Xa {-f/j, c/j), ha (j ] , x^a {-h/j,g/j) e Pp. This implies that by Propo- 
sition 18.11 

Up (7) = Kp f /la i^j j ■ X-c 

and by (|8.ip and Proposition 16. 11 

Kp (j) = Up [ha yj j j ■ Kpix^ai --,-]] -Cr i ha yj j ,hai—j] . 

We have one last case to consider. We have already noted that there will 
be elements in the split case where all the bottom row entries are non-units. By 
Proposition 18.91 we can apply a transformation by multiplying the matrix on the 
right by a unipotent upper triangular matrix Xa (si, rii) G Pp, so that 

(5 h j) -Xa {si,ni) = {g h' j') 

with / e O'^. But by Proposition [STTl 

Up (7- Xa (si,n-i)) == Kp (7) ■ 

Hence we can use the calculation on Kp (7 • Xa (si, ni)) to get Kp (7). 

This concludes our proof. D 






Part 4 



The half- integral weight multiplier 

system 



CHAPTER 9 



The global Kubota symbol 



As previously stated in the Introduction, in order to construct the half-integral 
weight multiplier system, we need to calculate the global Kubota symbol k. In 
Section 3 of 10 , the global Kubota symbol on a chosen arithmetic subgroup of 
GL2(i^) for some field F was given in terms of quadratic Legendre symbols. We 
want to write down a similar formula in terms of quadratic Legendre symbols for 
our arithmetic subgroup. 

Let I be an arbitrary number field, and let p run through all the primes of I. 
Let L be a quadratic extension of /, so that the matrix entries of an element in G{1) 
lie in L. On the arithmetic subgroup F = Y\ Fp n G(/), we have 

(9.1) <i) = n ^p (^) ' 

p<oo 

for 7 e F. 

We can prove that the above product converges - it is just a matter of using 
the product formula f Theorem I3.2p . Let Cp G H^{G{lp), ^2), where ap = a when 
k = lp and K = Lp, as described in Chapter |6l We know that for g, g' e G'(Z), 

V 

where the product is over all primes p of Z, with only finitely many non-trivial terms. 
We can extend the definition of Kp in some arbitrary way to the whole of G(/p). 
Define H to be the set of elements h e G{1) such that the product over all finite p, 

n '^p ('*) ' 
p 

converges. We make the following claim: 

Claim 9.1. H ^G{1). 

Proof. For any g, g' e G{1), we have g, g' G Fp for almost all p. Hence for 
almost all p, we have 

i^v (3.9') = (^vig-, 9') ■ i^v (5) • '^p (.9') • 

Hence if g, g' G H , then gg' G H . 

Similarly, we already have 1 G -ff , and 

'«P (5 • .9"^) = 'tp (1) = cTp (.9,5"^) • Kp (.9) • Kp (g-^) 

for almost all p. This implies that li g € H, then g^^ G H. 
Lastly, by (g^), 

i^P {9^) =o'p(.9,5) 

for almost all primes p. This shows that g^ E H for all g G G{1), therefore H is a 
subgroup of G{1) containing all the squares of G{1). However, G{1) is generated by 
unipotent elements, and these are all squares, so we have H — G{1). D 
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Unfortunately, with our formulae for the local Kubota symbol Kp (see Theo- 
rem [STTUl), it is difBcult to find a "nice" formula for the global Kubota symbol for 
all elements of F. What we can do is find a formula on the Borel subgroup of F (i.e. 
the group of upper triangular matrices of F). Recall that for elements a, 6 e O/ 
with b coprime to 2a, the quadratic Legendre symbol is defined by 



(i),,rn(«.»K- 

Pib 



We have the following proposition: 
Proposition 9.2. Let 



The 




-g/f e F. 



r 





p|oo 



(a, 6) 



In ,2l 



a, b £ L 
otherwise. 



bOo, 
MO; 



Proof. Using (|9.ip . we have by Theorem [8. 101 that 

= n ^pC'c.if)). 



But by Propositions I 
case, we have 



f _9 h 

/// -g/f 

p<oo 

and 18.71 ii f £ I, then Kp {ha (/)) = 1 for ah p. In this 



^/ _9 h 

/// -g// 



vO 



f 



In the other case, f ^ k^ , i.e. f = a + bOo, where a, b G I and 6^0. Then if p 
is odd, and either unramified or split. Proposition 18.51 states that if 6 ^ O^ , 

Kp {ha if)) = (a,&)ip,2- 

Otherwise, Kp {ha (/)) == 1 by Propositions 18.51 and 18.71 Hence by (|9.ip . we have 



7 _9 h 

/// -g/f 



,0 



f 



P<oo p\b 



where the product is over all p which are unramified or split. Hence by the product 
formula (Theorem 13. 2p and (|3.ip . we get 



p\b pfb 



7 _9 h 

/// -5// 



^0 / 
There are now a few cases to consider for each p \b: 

• If p is even, since a = 1 (8), this implies that a is a square in Ip by Hensel's 
Lemma (Theorem 13. 5p . hence {a,b)i^^2 is trivial by p.6p . 

• Suppose p is finite and odd. Then the Hilbert symbol is the tame symbol 
f Proposition 13. ip . In this case if p | a, then we also have (a, 6)ip,2 = 1- 
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Thus we are left with the finite primes p which divide a and the infinite primes. 
Our equation becomes 

VVo / // Pk Ploo 

We can now use the quadratic Legendre symbol formula on the above, hence 

'fa h \\ ,^, 




Thus our result is proved. D 



CHAPTER 10 



A section for the 2-cocycle on SU(2,1)(]R) 



Let fc = M, 6'o = V^ for some positive real number d. Thus, K = k{9o) = C 
We shall determine a section for the 2-cocycle on SU(2, 1)(M) = G'(]R) as described 
in the Introduction. Recall that we have a Hermitian form (— , — ) on C^ defined by 

/O 1\ 

(w, u) = uM 1 0\v, 

VI 0/ 



and we let 



X- = {[v] ep2(C): {v,v) <0} 

ep2(C): N(T2)+Tr(Ti)<0 



Here [v] means the image of a vector u € C"^ in projective space. We want our 
modular form to be defined on 



He 



N(T2)+Tr(Ti) <0 



Tl 



We will use the abbreviation t — \ | for an element of Tic- Let 

'911 912 913^ 
9 = {9ij)i<i,j<3 = I 321 522 323 I e 



V331 932 9331 



and let 



A 



911 912 

921 922 



B 



(S)' ^^^^'' ■''''^' ^^^''- 



This implies that 
(10.1) 

Note that 

Hence, we have 



A B 
C D 



ex- 



9 



'At + B 
Ct + D 



At+B ' 

Ct+D 

1 



and in particular Ct -\- D ^Q. So we can define an action of G(IR) on "He by 

At + B 



9{r) 



Ct + D 



(Note that Ct + I? is a scalar.) 
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We will write G{M.) for the connected double cover of G(M). Note that the 
fundamental group 7ri(G(M)) is isomorphic to Z, so there is a unique connected 
n-fold cover for any n. 

One way of constructing the group G{M.) is as follows: the elements of G(R) 
are pairs 

where g G G{R) and denotes a continuous function on "He satisfying 

0(t)2 =Ct + D. 

For two elements (gi, (/)i(t)), {g2,4'2{T)) G G(M), we define their product by 

{9i,(f>i{T)) ■ (52,02(-r)) = (5i52,'/'i(32(-r))02(r)). 

(Later, we will show that G(]R) truly is the unique connected double cover of G(M).) 
Recall that we also have another group which we have been referring to as G(M), 
and which is defined by the 2-cocycle a. We will now relate these two constructions 
ofG(M). 

Suppose for each g e G(M) we have chosen a function (j)g with (pgir)'^ = Ct + D 
(where G, D are as in the notation above). Then the map 

defines a section of G{M.) to G(M). Corresponding to this section, we have a 2- 
cocycle on G(R) written as 

S {91,92) = (ffl, </>gi (t)) • (52, 032 {t)) ■ (5132, 031S2 ij)y^ 

for 31, 32 e G(M), i.e. 

^ (91,92) — 7 • 

Let 

O, N ^(gl:g2) 

"3 (51,52) = —7 T, 

'7(51,52) 

where we assume that the 2-cocycle a has the same formula as that in Theorem l6.3l 
with A; = R. Since E, cr € Z^(G(M),/Lt2) and they both represent the unique non- 
trivial double cover, this implies that S* is a 2-coboundary. Our choice of (\)g will be 
made carefully so that 5=1, i.e. a = Yi. 

Remark 10.1. There is only one choice of section with this property: any two 
would differ by a continuous homomorphism from G(R) — > /12; however G(R) is 
connected. 

We will first determine (\)g for g e r(R). For any A e C^ , we have 

/A _0 

h^ (A) = A/A _0 
VO A ^ 
Choose 

<^'i„(A)('r) = A 

where argIA ) G (— 7r/2, 7r/2]. (Note that (t>h^{\) is a constant function.) We 
may check for any A, /i G C^ that 

S{h^{X),ho.(p))^l 

using Theorem 16.31 Since T{M.) is connected, this is the correct choice of (pg on 

T(M). 

Claim 10.2. G(R) is the unique connected double cover of t 
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Proof. Suppose that G{M.) is the trivial double cover. Then we have 

for some 1-cochain i/ ^ C^ (G(R),/i2)- By our choice for (phai-i)^ '^^ have 

I](/i„(-l),/i„(-l)) = -l. 
Also, 



E (h^ (-1) , h^ (-1)) = "i^"^ ^\ = ^ (/3)-^ 



^2 
1/ (/la (-1) 

This implies that v {I-s) = —1. On the other hand, 

I](/l„(-l),/3) = l 

and 

E(/ia(-i),/3)- ^(/^^(_i).^^) -^(^3), 

which implies that v {I3) — 1. This is a contradiction, thus G'(R) is the unique 
connected double cover of G(R). D 

Without loss in generality, let W = {l,Wa (0,«)}, be the set of Weyl group 
representatives of G'(R). For ease of notation, let 

/O i^ 
w^WaiO,i)= io 1 
\i Oy 

Every element in W-T{M.) can be chosen to have the form hi 01 w-hi for hi E T(R). 
Let W ■ T(R) be the restriction of G(M) to elements of the form {w' ■ /ii, (/"to'-hi) 
where w' €W, hi€ T{R). Note that there are two sections W ■ T(R) -^ W^{R) 
whose 2-cocycle is a. This is because there is a non-trivial homomorphism 

W ■ T(R) -^ Z/2 ^ /i2. 

For the element w, we have Ct + D = iri, and Tr(Ti) < 0. This implies that 
Ct + D is in the lower half-plane. We choose 0^, such that arg {(J)^{t)) G {—tt/2, 0). 
We will later show that our choice for 0^ is correct. 

For hi € T(R), (j)ni-hi can be determined from cf)^ as follows. We have 

{w ■ hi,(l)^.h^{T)) = Y.{w,hi) ■ {w,(I>^{t)) ■ (h,<j)h[T)). 

Since we want ct = S, and a {w,hi) = 1 for any /ii e T(R) by Theorem l6.3l we find 
that 

{W ■ /ll,0™.hi(T)) = (W, (/)^,(t)) • {h,<j)h{T)) = [W ■ hl,(j)^{hl{T))(f>h^[T)). 

(It may also be checked that S {hi,w) — I.) 

Now recall the Bruhat decomposition (see Section II. 2p 

G(R) = T(R) • iV(R) U iV(R) • w ■ T{R) ■ N{R). 

Since ct is trivial on N{M.) and A^(R) is connected, 

</>«! (r) = 1 

for any ni G iV(M) (i.e. 0„j^ is a constant function). Similarly, since a{ni,g) = 1 
for any g € G(R), and we have 

{m ■ g,(j)n,.g{T)) = I](ni,g)- {ni,(f>.n,{T)) ■ {g,(j)g{T)), 

with CT(ni,(7) = E (71,1,(7), this implies that 

0ni.g(T) =03(t). 
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Also, we have 

{9-ni,(j)g.n,{T)) = S(.g,ni) • {g,(j)g{T)) ■ (ni, </)„,(r)), 
and since a {g, rii) = 1 and a {g, ni) = S {g, ni), 

^S-niM =<PginiiT)). 

Hence, once we establish the choice for 0„, we can determine {g,(f>g) for any g € 
G(R). 

Claim 10.3. Our choice for (p^ is the correct choice. 

Proof. Let 

/I 0\ /O i 

5i=a;_„(0,i)- 1 , .92 = 1 

\i 1/ \i -1, 

So we have gi • w = g2- By (11.31) (using Oq = «), 

ffi = a^Q (0, -i) -w ■ Xa (0, -i) , 32 = w ■ a^a (0, i) . 
We want to show that with our choice for 0^,, 

(52,'/>s2M) = (31 •ti',03i-t«M) =ct(3i,w) • {gi,(f>g,{T)) ■ (u;,0^(r)). 
Since by Theorem 16. 3[ a {gi,w) — 1, the above equation can be simplified to 

(t^wiXa (0,«) (r)) = (pwiiXa (0, -«) ' w)(t)) • (/)i„(t). 

Hence, if our choice for (j)^ is wrong, this would imply that the left-hand side would 
not equal the right-hand side. 

We evaluate both sides at the point 

^ = \''^ 
For the left-hand side, we have 



Q , eHc. 



)r (pm. As for the right-hand side, 
Mixc. (0,-z) • w)iT')) ■ cPUr') = <^» [ir^^ '\\ ■ e-'^'^ 



with our choice for (pw As for the right-hand side. 



^ g-3»7r/8_ 

Since both sides concur, our choice for (jy^ is correct. D 

We have thus proved the following, as first mentioned in the Introduction: 

Theorem 10.4. Let r G Ti-c- For each g E G{M.) as defined in (jlO.ip . choose a 
function 4>g such that (pgir)'^ — Ct + D as follows: 

1/2 / l/2\ 

• 4'h-nAT) = ^ ; where arg (A J G (-7r/2, 7r/2]; 

• arg(0^(T))e(-V2,O); 

• 4'n2-w-h-nAT) = 4>w{{h ■ ni){T))(j)h-m{T); 

where ni, n2 G N{M.), w ~ Wa{0,i) and h = ha{X) G T(R). Then we have a 
half-integral weight multiplier system 

J{j,t) = K{j)(f>y{T), 

where 7 G F, the congruence subgroup on which the global Kuhota symbol n is defined 
on. 
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